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A TEST-PARTICLE ANALYSIS OF PLASMA TURBULENCE 
I N  ASTROPHYSICS 
by D.  E .  H a l l  
ABSTRACT 
An impor t an t  problem of l o n g  s t a n d i n g  i n  a s t r o p h y s i c s  i s  t h a t  of 
t h e  n a t u r a l  occu r rence  of charged  p a r t i c l e s  of ex t r eme ly  h i g h  energy .  
The c l a s s i c a l  form of t h e  problem i s  t h a t  of t h e  o r i g i n  of  cosmic r a y s ,  
bu t  t3 t h i s  may now be added o b s e r v a t i o n s  of p a r t i c l e s  g e n e r a t e d  i n  
s o l a r  f l a r e s ,  i n  and n e a r  t h e  magnetosphere of t h e  e a r t h ,  i n  supernovae,  
i n  e x t r a g a l a c t i c  r a d i o  s o u r c e s ,  and i n  c e r t a i n  l a b o r a t o r y  plasmas.  I n  
each  of t h e s e  c a s e s ,  there is reason  to  b e l i e v e  t h a t  t h e  p a r t i c l e  a c c e l e r a -  
t i o n  i s  connec ted  w i t h  plasma tu rbu lence  o r  i n s t a b i l i t y .  
To i n v e s t i g a t e  the o r i g i n  of t h e s e  high-energy p a r t i c l e s ,  an i d e a l i z e d  
problem h a s  been s t u d i e d .  T e s t  p a r t i c l e s  a r e  p i c t u r e d  i n  a g e n e r a l  con- 
f i g u r a t i o n  of s t e a d y  o r  s l o w l y  changing e l e c t r o m a g n e t i c  f i e l d s ,  t o  which 
m a r b i t r a r y  spec t rum of  s m a l l  random f l u c t u a t i o n s  is added t o  r e p r e s e n t  
weak plasma t u r b u l e n c e .  The behavior  of t h e  p a r t i c l e s  i s  found i n  terms 
resembl ing  t h e  q u a s i - l i n e a r  t h e o r y  of plasma d i s t u r b a n c e s ,  and advantages  
of t h i s  method o v e r  the p r e v i o u s l y  used Fokker-Planck approach a r e  de- 
scr ibed.  The l i m i t s  of a p p l i c a b i l i t y  of t h e  t h e o r y  E r e  s t a t e d  and ex- 
p l a i n e d .  The r e su l t  t a k e s  t h e  form of  a g e n e r a l i z e d  d i f f u s i o n  equa t ion  i n  
t h e  phase  s p a c e ;  t h e  " d i f f u s i o n  c o e f f i c i e n t s t 1  a r e  de te rmined  by pas t -h i s -  
t o r y  i n t e g r a l s  of t h e  second-order c o r r e l a t i o n  f u n c t i o n s  of t h e  f l u c t u a -  
t i o n s ,  e v a l u a t e d  f o r  p a i r s  of p o i n t s  l y i n g  on  "unperturbed o r b i t s . "  
The p a r t i c u l a r  c a s e  cons ide red  i n  d e t a i l  i s  t h a t  of r e l a t i v i s t i c  
p a r t i c l e s  moving i n  s t o c h a s t i c  f i e l d s  i n  an o t h e r w i s e  un i fo rmly  magnetized 
p l a sma .  L i m i t i n g  c a s e s  of a c c e l e r a t i o n ,  s c a t t e r i n g ,  and s p a t i a l  d i f f u s i o n  
a r e  o b t a i n e d  and d i s c u s s e d ;  and t h e  r e s u l t s  a r e  shown t o  reduce  t o  those 
found by o t h e r  workers  ( such  a s  S tu r rock ,  P u r i ,  and J o k i p i i )  i n  a p p r o p r i a t e  
l i m i t s .  T r a n s v e r s e  c y c l o t r o n  a c c e l e r a t i o n  by low-frequency waves is pro-  
posed  a s  t h e  most s i g n i f i c a n t  p rocess  of s t o c h a s t i c  a c c e l e r a t i o n  because  
of n " s e l e c t i o n  r u l e t l  which is expec ted  t o  i n c r e a s e  i t s  e f f e c t i v e n e s s  a s  
iii 
L 
the particle energy increases, if there is a "universal spectrum" of 
plasma turbulence for which amplitude is a decreasing function of mode 
frequency. 
The loss of energy by synchrotron radiation is also important for 
electrons in several of the situations mentioned. This is considered 
both alone and in combination with stochastic acceleration and other ef- 
fects, with special attention being given to the possibilities for gen- 
erating power-law energy spectra. The relevant properties of quasars 
are reviewed and preliminary comparison is made between the model calcu- 
lations and the observational data. It is concluded that stochastic ac- 
celeration is important in the generation of high-energy particles, that 
the present calculation has shown how this may reasonably happen, and 
that this process deserves further and more detailed consideration. Sev- 
eral suggestions are offered for additional observational and theoretical 
study. 
iv 
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Chapter  1 
EXERGETIC PARTICUCS I N  XATUIZE 
I 
I .  General I n t r o d u c t i o n  
One of t h e  most i n t e r e s t i n g  a s p e c t s  of  t h e  r a p i d l y  growing f i e l d  of 
a s t r o p h y s i c s  is t h e  o b s e r v a t i o n ,  in  a wide v a r i e t y  of s o u r c e s ,  of ev idence  
f o r  h i g h l y  supra thermal  p a r t i c l e s .  By t h i s ,  w e  mean t h a t  there is  p r e s e n t  
a group of p a r t i c l e s  having e n e r g i e s  much h i g h e r  ( i n  f a c t  , w e  a r e  t h i n k i n g  
p r i m a r i l y  of s e v e r a l  o r  many o r d e r s  of magnitude h i g h e r )  than  t h e  l o c a l  
thermal  energy ,  and t h a t  t h e  number of such  p a r t i c l e s  p r e d i c t e d  by a Max- 
w e l l i a n  v e l o c i t y  d i s t r i b u t i o n  would be q u i t e  n e g l i g i b l e  by comparison. 
Although t h e r e  a r e  many d i s t i n c t i o n s  t h a t  can be made among t h e s e  d i f f e r -  
e n t  s o u r c e s ,  t h e r e  seems a l s o  t o  be a common t h r e a t  conr,ecting them. I t  
h a s  been p o i n t e d  o u t  more than t h a t  t h i s  phenomenon is  a s s o c i a t e d  
w i t h  t h e  o c c u r r e n c e  of s t r o n g  turbulence  i n  t h e s e  a s t r o p h y s i c a l  plasmas.  
The a s s o c i a t i o n  p r o v i d e s  an e x p l a n a t i o n  of sorts fo r  t h e  o r i g i n  of t h e  
e n e r g e t i c  p a r t i c l e s .  But t h i s  tends t o  t a k e  t h e  u n s a t i s f y i n g  form of a 
s t a t e m e n t  t h a t  t h e  e n e r g e t i c  p a r t i c l e s  have some way of approaching an 
e q u i p a r t i t i o n  of energy w i t h  the t u r b u l e n c e ,  and t h e  p r e s e n t  l i m i t a t i o n s  
of plasma t u r b u l e n c e  t h e o r y  l e a v e  u s  w i t h  l i t t l e  i n f o r m a t i o n  a s  t o  f u r t h e r  
d e t a i l s .  T h i s  g e n e r a l i z a t i o n  w i l l  n o t  be s t r i k i n g l y  a l t e r e d  by the pres- 
e n t  work, f o r  w e  have chosen o n l y  a c e r t a i n  f e w  f a c e t s  of t he  problem f o r  
s t u d y  under  s i m p l i f y i n g  assumptions; and w e  s h a l l  ask  a t  t h e  end whether  
t h e  r e s u l t s  can enhance o u r  unders tanding  of t h e  g e n e r a l  problem i n  some 
way. 
11. Examples 
I n  o r d e r  t o  have p r o p e r  background f o r  t h i s  s t u d y ,  w e  f i r s t  g i v e  a 
b r i e f  d e s c r i p t i v e  review of the p r i n c i p a l  observed  c a s e s  of t h e  e n e r g e t i c -  
p a r t i c l e  phenomenon. 
A .  S o l a r  F l a r e s  5,6 
These e x p l o s i v e  e v e n t s  i n  the chromosphere of t h e  sun a r e  c lose ly  
a s s o c i a t e d  w i t h  t h e  emission of c e r t a i n  k i n d s  of r a d i o  noise . '  The 
1 
d i s t u r b a n c e s  known a s  Type I11 b u r s t s  a r e  b e l i e v e d  t o  be due t o  t h e  ex- 
c i t a t i o n  of plasma o s c i l l a t i o n s  by s t r e a m s  of  e l e c t r o n s  t h a t  a r e  s h o t  
upward from t h e  f l a r e  r e g i o n  w i t h  v e l o c i t i e s  of t h e  o r d e r  of 1/10 to  1 /2  
t h a t  of l i g h t .  Type I V  b u r s t s  seem t o  be s y n c h r o t r o n  r a d i a t i o n ,  i n d i -  
c a t i n g  r e l a t i v i s t i c  e l e c t r o n s  a g a i n .  Thus, t h e r e  a r e  many e l e c t r o n s  w i t h  
many keV, o r  even a few MeV,  of energy  where n o t h i n g  else about  t h e  f l a r e  
i s  g e n e r a l l y  thought  t o  i n d i c a t e  any p o s s i b i l i t y  of thermal  e n e r g i e s  more 
t h a n  a very few e V .  
p e r a t u r e  T = 1 1 , 6 0 0 ' K . )  
8 
(A  thermal  energy  of one e V  is e q u i v a l e n t  t o  a t e m -  
Some l a r g e  f l a r e s  a r e  a l s o  observed  t o  g e n e r a t e  high-energy p r o t o n s  
and h e a v i e r  p a r t i c l e s ;  t h e y  a r e  commonly c a l l e d  "proton f l a r e s .  ,,9,10 
These p a r t i c l e s  t r a v e l  t o  t h e  e a r t h  and beyond w i t h  e n e r g i e s  a s  h i g h  a s  a 
Bev and may be d e t e c t e d  by a r t i f i c i a l  s a t e l l i t e s ' '  and b a l l o o n s ,  p o l a r -  
c a p  a b s o r p t i o n  moni tors ,  o r  i n  t h e  c a s e  of t h e  s t r o n g e r  e v e n t s  by a sub- 
s t a n t i a l  i n c r e a s e  ( e s p e c i a l l y  a t  h i g h e r  l a t i t u d e s )  o v e r  t h e  u s u a l  g e n e r a l  
cosmic r a y  a c t i v i t y  a s  r o u t i n e l y  monitored on t h e  ground.14 
e n c e s  given h e r e  a r e  merely examples from an e x t e n s i v e  l i t e r a t u r e . )  
f a t e  of t h e s e  p a r t i c l e s ,  a s  w e l l  a s  of t h e  low-energy end of t h e  g a l a c t i c  
cosmic-ray spectrum, i s  one  of t h e  m o s t  impor tan t  problems i n  t h e  s t u d y  
of t h e  i n t e r p l a n e t a r y  medium," and p a r t s  of t h e  work t h a t  w i l l  be p r e s -  
e n t e d  below have p o t e n t i a l  a p p l i c a t i o n  i n  t h i s  f i e l d .  
12 
13 
(The refer- 
The 
There i s  good r e a s o n ,  b o t h  o b s e r v a t i o n a l 1 6  and t h e o r e t i c a l ,  l7 to  
b e l i e v e  t h a t  t h e  i n s t a b i l i t y  u n d e r l y i n g  a s o l a r  f l a r e  c a u s e s  t h e  chro-  
mospheric  m a t e r i a l  t o  become t u r b u l e n t  and b r e a k  up i n t o  a f i l a m e n t a r y  
s t r u c t u r e  with a s c a l e  of t h e  o r d e r  of one km. I t  seems l i k e l y  t h a t  t h e  
g e n e r a t i o n  of high-energy p a r t i c l e s  i s  a normal p r o p e r t y  of f l a r e s ;  wheth- 
e r  w e  do o r  d o  n o t  observe  t h e  a r r i v a l  of p r o t o n s  on t h e  e a r t h ,  f o r  example, 
depends on d e t a i l s  such  a s  t h e  s i z e  of t h e  f l a r e  and t h e  c o n f i g u r a t i o n  of  
magnet ic  f i e l d  l i n e s  around t h e  f l a r e ,  which may o r  may n o t  a l low t h e  
p r o t o n s  t o  l e a v e  t h e  s u n .  
18-20 
B. The E a r t h ' s  Magnetosphere 
As t h e  tenuous  s t ream of h o t  plasma known a s  t h e  ' ' s o l a r  wind" f l o w s  
outward a t  s u p e r s o n i c  speed from t h e  s u n ,  it g i v e s  r ise to  a s t a n d i n g  
shock wave when i t  e n c o u n t e r s  t h e  e a r t h ' s  magnet ic  f i e l d .  S a t e l l i t e  
2 
exper iments  have shown 21’22 t h a t  e l e c t r o n s  w i t h  many keV of energy  a r e  
gene ra t ed  i n  t h i s  bow shock r eg ion ,  and t h e o r i e s  have been proposed t o  
e x p l a i n  t h i s .  23-25 
have a l s o  found t t i s l a n d s t l  of h i g h l y  e n e r g e t i c  e l e c t r o n s  about  which 
much remains unknown, bu t  which may have impor t an t  connec t ions  w i t h  bow 
shock a c c e l e r a t i o n  o r  w i t h  r a d i a t i o n - b e l t  and a u r o r a l  phenomena c loser  
t o  t h e  e a r t h .  
S a t e l l i t e s  fzr out  i n  the  tzil of t h e  magnetosphere 
26 
The s a t e l l i t e  expe r imen t s  i n  which t h e  e n e r g e t i c  e l e c t r o n s  were d i s -  
covered  a l s o  r eco rded  a h i g h l y  t u r b u l e n t  magnet ic  f i e l d  i n  t h e  r e g i o n  
around t h e  bow shock  and inward to  t h e  magnetopause; t h i s  h a s  been i n -  
volved i n  t h e  e x p l a n a t i o n s  r e f e r r e d  t o  above,  C o r r e l a t i o n  between appear- 
ances  of e n e r g e t i c  e l e c t r o n s  and f l u c t u a t i o n s  of magnet ic  f i e l d  s t r e n g t h  
i n  t h e  magnetospher ic  t a i l  h a s  r e c e n t l y  been r e p o r t e d .  
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C .  Supernovae 
A major p o r t i o n  of o u r  knowledge of t h e s e  g r e a t  s t e l l a r  e x p l o s i o n s  
comes from t h e  Crab  Nebula (Ml, NGC 1952, Taurus  A ) .  
o r i g i n a l  exp los ion  a r r i v e d  on e a r t h  i n  A.D. 1054 from a d i s t a n c e  of some 
s i x  thousand l i g h t - y e a r s .  A s  p r e s e n t l y  observed ,  t h e  e j e c t e d  m a t t e r  h a s  
s p r e a d  o v e r  a r e g i o n  about  a l i g h t - y e a r  or  t w o  i n  s i z e  and c o n s i s t s  of 
many g l o b s  and f i l a m e n t s .  The l a r g e r  p a r t  of i ts  v i s i b l e  r a d i a t i o n  i s  
i n  a b l u i s h  continuum which e x h i b i t s  s t r o n g  p o l a r i z a t i o n ;  i t  i s  a l s o  
among t h e  s t r o n g e s t  r a d i o  and X-ray sources. S h k l o v s k i i ’ s  e x p l a n a t i o n  
t h a t  w e  a r e  o b s e r v i n g  synchro ton  r a d i a t i o n  i s  now wide ly  accep ted  and, a s  
w i l l  be seen  below, h a s  been found u s e f u l  i n  e x p l a i n i n g  o t h e r  unusual  ob- 
j ec t s  more r e c e n t l y  d i s c o v e r e d .  According t o  a r e c e n t  e ~ t i m a t e , ~ ’  t h e  
r a d i a t i n g  e l e c t r o n s  a r e  i n  a f i e l d  of t h e  o r d e r  of 10 g a u s s  and have  
e n e r g i e s  i n  t h e  approximate range lo8 t o  3 X 10 e V ,  t h e  d i f f e r e n t i a l  
spectrum N ( E )  v a r y i n g  a s  E 
tween E and E + dE i s  N ( E )  dE . 1 
The l i g h t  of t h e  
28 ,29  
30 
-3 
1 2  
-1.6 
[The number of p a r t i c l e s  w i t h  energy  be- 
There  i s  no d i r e c t  ev idence  t o  conf i rm it ,  but t h e  p r e s e n c e  of  such  
h i g h l y  e n e r g e t i c  e l e c t r o n s  h a s  made i t  v e r y  a t t r a c t i v e  t o  t h i n k  t h a t  t h e r e  
a r e  s i m i l a r  numbers of n u c l e i  p r e s e n t  w i t h  comparable or  even h i g h e r  e n e r -  
g i e s ,  and t h i s  h a s  made supernovae a s  a c l a s s  a l e a d i n g  c a n d i d a t e  f o r  t h e  
source of t h e  G a l a c t i c  cosmic r a y s .  32 ,33  
3 
32-34 
D .  Cosmic Rays 
I n  c o n t r a s t  t o  t h e  o t h e r  examples mentioned h e r e ,  e x t e n s i v e  r e s e a r c h  
i n  cosmic rays  d a t e s  back o v e r  f i f t y  y e a r s .  The i n t e r a c t i o n  of t h e s e  p a r -  
t ic les  w i t h  the e a r t h ' s  atmosphere,  however, has  taken  up a l a r g e  p o r t i o n  
of t h i s  work and i s  n o t  of i n t e r e s t  h e r e .  When i n f o r m a t i o n  about  the  
"primaryt1 cosmic r a y  f l u x  was f i n a l l y  unrave led ,  i t  p e r t a i n e d  most ly  t o  
the  fo l lowing  t h r e e  v e r y  remarkable  p r o p e r t i e s :  
1. The chemical  composi t ion g r o s s l y  resembles  t h a t  of t h e  rest of 
the  u n i v e r s e ,  but  upon c l o s e r  i n s p e c t i o n  t h e  medium and heavy 
n u c l e i  a r e  somewhat overabundant  w i t h  r e s p e c t  t o  hydrogen w h i l e  
t h e  l i g h t  n u c l e i  L i ,  B e  and B a r e  overabundant  by f i v e  o r  s i x  
o r d e r s  of magnitude. The i n t e r p r e t a t i o n  of t h e s e  abundances 
involves  t h e  abundances i n  t h e  s o u r c e ( s ) ,  t h e  p o s s i b i l i t y  of P r e f -  
e r e n t i a l  a c c e l e r a t i o n ,  35 and t h e  c e r t a i n t y  of d i f f e r i n g  r a t e s  of 
l o s s  by  c o l l i s i o n  d u r i n g  t r a n s i t  from s o u r c e  t o  o b s e r v e r .  
high accuracy ,  implying i n  some s e n s e  e i t h e r  a n o n l o c a l  and non- 
t r a n s i e n t  s o u r c e  or  an e f f i c i e n t  s c a t t e r i n g  mechanism. 
3. The energy  spectrum e x t e n d s  to  e x t r e m e l y  h i g h  p a r t i c l e  e n e r g i e s ,  
a t  l e a s t  of t h e  o r d e r  of  1020 eV36 b u t  p r o b a b l y  n o t  much more.37 
The dependence of number upon energy  is  d r a s t i c a l l y  nonthermal ;  
except  f o r  a s l i g h t  k ink  n e a r  1015 e V ,  it i s  w e l l  d e s c r i b e d  by 
a n e g a t i v e  power law w i t h  an exponent of about  2.5.  T h i s  d i f f e r -  
e n t i a l  energy  spectrum i s  e s p e c i a l l y  i n t e r e s t i n g  i n  t h e  p r e s e n t  
c o n t e x t .  
2 .  The i n t e n s i t y  is found t o  be i s o t r o p i c  and c o n s t a n t  i n  t i m e  t o  
Fermi ' s  a t t e m p t s  38' 39 to  e x p l a i n  t h e  a c c e l e r a t i o n  of t h e s e  p a r t i c l e s  
were n o t  r e a l l y  s u c c e s s f u l ,  b u t  have had g r e a t  importance i n  s t i m u l a t i n g  
f u r t h e r  work on the  problem. The c u r r e n t  view t e n d s  t o  s p l i t  t h e  s i t u a -  
t i o n  i n t o  two p a r t s :  f irst  i s  l l i n j e c t i o n "  of e n e r g e t i c  p a r t i c l e s  i n t o  
t h e  g a l a c t i c  o r  i n t e r g a l a c t i c  background by some s o u r c e ,  o r  class of  
s o u r c e s ,  and second i s  t h e  subsequent  s t o r a g e ,  s t i r r i n g ,  d i f f u s i o n  and 
loss i n  t h e  ambient medium. The Russian workers  i n  p a r t i c u l a r  have s t u d i e d  
t h i s  second p a r t  i n  c o n s i d e r a b l e  d e t a i l ,  F e r m i ' s  c o n t i n u i n g  a c c e l e r a t i o n  
is  regarded a s  too s m a l l  t o  be of i n t e r e s t ,  because  t h e  p a r a m e t e r s  t h a t  
de te rmine  it may be independent ly  observed  and t h e y  do n o t  have s u i t a b l e  
v a l u e s . 4 0  Thus t h e  p r i n c i p a l  burden of a c c e l e r a t i o n  is  thrown back upon 
the  i n j e c t i n g  s o u r c e s .  The d e t a i l e d  e x p l a n a t i o n  of t h e  a c c e l e r a t i o n  w i t h -  
i n  t h e  sources  i n  terms of t h e i r  l o c a l  p r o p e r t i e s  remains  v e r y  much un- 
s o l v e d ,  even though t h e  d i v i s i o n  e x p l a i n e d  above e n a b l e s  t h i s  t o  be i s o l a t e d  
4 
from many o t h e r  a s p e c t s  of cosmic r a y  s t u d y  so t h a t  t h e y  may be s t u d i e d  
and so lved  independent ly .  
A s p e c i a l  d i f f i c u l t y  i n  t h e  s tudy  of p o s s i b l e  s o u r c e s  of i n j e c t i o n  
i s  t h a t  d i r e c t  o b s e r v a t i o n s  g i v e  informat ion  o n l y  about  e n e r g e t i c  elec- 
t r o n s ,  and a l l  p r o p e r t i e s  proposed f o r  e n e r g e t i c  n u c l e i  i n  t h e  cosmic 
r a y  i n j e c t i o n  a c c e l e r a t o r  can be compared w i t h  t h e s e  o b s e r v a t i o n s  o n l y  
by way of p o o r l y  unders tood  i n d i r e c t  i n f e r e n c e s .  W e  s h a l l  comment f u r t h e r  
on t h e  p o s s i b l e  s o l u t i o n  of  t h i s  d i f f i c u l t y  i n  Chapter  6 .  
E .  E x t r a g a l a c t i c  Radio Sources  
There  a r e  a number of e l l i p t i c a l  and i r r e g u l a r  g a l a x i e s  i n  which 
some sort of e x p l o s i v e  e v e n t  seems t o  have taken p l a c e  and t ransformed 
them i n t o  " rad io  g a l a x i e s .  tt41942 
M82 (NGC 3034, 3C231) w i t h  i t s  well-known Doppler v e l o c i t y  p r o f i l e ;  
a n o t h e r  i s  M 8 7  (NGC 4486, 3C274, Virgo A )  w i t h  i t s  s t r a n g e  j e t  e m i t t i n g  
p o l a r i z e d  l i g h t  .44 The p r o t o t y p e  of r e p e a t e d  e x p l o s i o n s ,  each  c r e a t i n g  
a double  r a d i o  source, i s  NGC 5128 (Centaurus A ) .  
group known a s  S e y f e r t  g a l a x i e s  i s  NGC 1275 (3C84, P e r s e u s  A ) .  
have ev idence  of e n e r g e t i c  e l e c t r o n s  r e s p o n s i b l e  f o r  t h e  r a d i a t i o n ,  but  
how t o  connect  t h i s  w i t h  t h e  probable  c o e x i s t e n c e  of e n e r g e t i c  p r o t o n s  
and n u c l e i  of h i g h e r  charge i s  s t i l l  an o u t s t a n d i n g  problem. 45 
r a r l i n  g a l a x i e s  a r e  a l l  nf s i g n i f i c a n t  i ~ t e r e s t  here, m d  we wish tn em- 
p h a s i z e  t h e  s i m i l a r i t i e s  between t h e i r  p r o p e r t i e s  and t h o s e  of t h e  more 
d r a m a t i c  q u a s i - s t e l l a r  o b j e c t s .  
One of t h e  more n o t a b l e  examples is 
43  
An example of t h e  
Again w e  
These 
46,47 
The e x p l a n a t i o n  of t h e  r e d s h i f t s  of t h e  "quasars"  is s t i l l  t h e  sub- 
48-52 
jec t  of extended d i s c u s s i o n .  
reasons51  f o r  a s s o c i a t i n g  them w i t h  o u r  Galaxy or  w i t h  o t h e r  nearby  g a l -  
a x i e s ,  mainly i n  o r d e r  t o  reduce the energy  r e q u i r e m e n t s ;  b u t  w e  a r e  no t  
Y e t  s a t i s f i e d  w i t h  t h e  i d e a s  b e i n g  advanced f o r  t h e  r e d s h i f t s  i n  t h i s  
p i c t u r e .  Although w e  s t i l l  p r e f e r  t h e  cosmological  d i s t a n c e  i n t e r p r e t a -  
t i o n  and s h a l l  w r i t e  i n  terms of i t  below, t h e  q u a s a r s  would s t i l l  be 
r e l e v a n t  t o  t h i s  d i s c u s s i o n  on t h e  " l o c a l  h y p o t h e s i s . "  A t  l e a s t  some of 
t h e  r a d i a t i o n  from t h e  compact cores of t h e s e  o b j e c t s  probably  must be 
e x p l a i n e d  by a c o l l e c t i v e  mechanism,53 g r e a t l y  c o m p l i c a t i n g  t h e  q u e s t i o n  
of what p a r t i c l e  e n e r g i e s  may be p r e s e n t .  
Ter re l l  h a s  been foremost i n  advancing 
52 
The t h e o r y  for t h e s e  o b j e c t s  
5 
46-48,54-56 but, in the in general is still very difficult and uncertain, 
exceptional case of 3C273, we again encounter a most interesting optical 
jet extending outward some 150,000 1ight-yea1-s~~ and terminating in a 
radio cloud.58 
mare drastic conditions in the nucleus, and its interpretation in terms 
of synchroton radiation seems to require 57s59 electrons with energies as 
high as 1OI2 eV in a magnetic field with strength of the order of 10 
gauss. Thus, as in supernovae and radio galaxies, even the most conser- 
vative interpretation involves highly energetic electrons and gives strong 
reason to suspect the coexistence of heavy particles of even higher energy. 
In particular, the quasi-stellar objects (or perhaps some or all radio gal- 
59 
axies as well6') may provide a source for the highest-energy cosmic rays, 
which cannot be readily explained in local Galactic terms alone. 
It may be treated to a large extent independently of the 
-4 
F. Laboratory Plasmas 
These are on a vastly smaller scale, and are not directly within the 
immediate purposes of this work. But we mention them here as another ex- 
ample of originally unexpected high-energy particles 
celerated in a turbulent plasma in the presence of beam-plasma instability. 
The explanation has been dealt with in a somewhat controversial article 
by Stix. Stochastic cyclotron heating of electrons in a plasma contained 
in a mirror machine by applied noise fields has also been experimentally 
64 investigated, with results in basic agreement with the accompanying 
theory by Puri. 
which were ac- 61,62 
63 
65 
111. Plan of Study 
There are several things which have seemed to us to be important in 
understanding how these various acceleration phenomena occur and how they 
may be related to each other, and which have called for further study. 
First, there is the role of turbulence. Rather than take on the 
whole difficult problem of plasma turbulence,66 we have chosen to take 
the following viewpoint: We feel that turbulence is present and is im- 
portant somehow in natural particle acceleration; we study what effect 
any given spectrum of turbulence could have; we try to make intelligent 
6 
I 
g u e s s e s  a s  t o  what g e n e r a l  sort  of spectrum might be r e a s o n a b l e  and l i k e l y ;  
and w e  t r u s t  and hope t h a t  o t h e r  work w i l l  be done which w i l l  f o l l o w  an 
a p p r o p r i a t e  plasma i n s t a b i l i t y  i n t o  i t s  f u l l y  n o n l i n e a r  regime and show 
more p r e c i s e l y  j u s t  what spectrum of t u r b u l e n c e  s h e u l d  r e s u l t .  W e  must 
a l s o  l e a v e  f o r  s e p a r a t e  i n v e s t i g a t i o n  t h e  e f f e c t s  upon t h e  t u r b u l e n c e  of 
t h e  loss of energy  t o  t h e  a c c e l e r a t e d  p a r t i c l e s .  
Second, t h e r e  i s  t h e  r o l e  of r a d i a t i o n .  I n  a l l  t h e  c a s e s  above where 
r e l a t i v i s t i c  e l e c t r o n s  a r e  thought  to be p r e s e n t ,  t h e  p r i n c i p a l  means of 
knowing of t h e i r  e x i s t e n c e  is t o  observe t h e i r  r a d i a t i o n  i n  a magnet ic  
f i e l d .  The l o s s  of energy through r a d i a t i o n  i s ,  i n  t u r n ,  a s t r o n g  and 
impor tan t  i n f l u e n c e  on t h e  amount of energy  t h e  p a r t i c l e s  may have.  T h i s  
s u b j e c t  h a s  r e c e i v e d  some s tudy ,67  but is by no means exhaus ted .  
T h i r d ,  t h e r e  is t h e  r e l a t i o n s h i p  between t h e  e l e c t r o n s  and t h e  heavy 
45,68,69 
p a r t i c l e s .  T h i s  h a s  been t h e  s u b j e c t  of impor tan t  s p e c u l a t i o n ,  
b u t  w e  do n o t  have p r e c i s e  answers to s e v e r a l  q u e s t i o n s :  A r e  high-energy 
e l e c t r o n s  and n u c l e i  always produced t o g e t h e r ?  What a r e  t h e  r e l a t i v e  num- 
bers?  What d i f f e r e n c e s  may t h e r e  be i n  t h e  t y p e  of energy  spectrum? D o  
t h e  answers to  t h e s e  q u e s t i o n s  a s s i s t  u s  i n  a c l e a r e r  u n d e r s t a n d i n g  of  
t h e  o r i g i n  of cosmic rays?  
We o u t l i n e  h e r e  t h e  p l a n  f o r  t h e  remainder  of t h i s  work. I n  Chap- 
ters 2 and 3 t h e  t u r b u l e n c e  of a plasma is  i d e a l i z e d  by a spectrum of un- 
c o r r e l a t e d  waves and t h e  a s s o c i a t e d  e l ec t r i c  and magnet ic  f i e l d s ,  which 
w i l l  e x h i b i t  c e r t a i n  p r o p e r t i e s  of randomness. W e  i n v e s t i g a t e  by s t a t i s -  
t i c a l  methods t h e  e f f e c t  t h e s e  f i e l d s  w i l l  have on a test  p a r t i c l e  s u b j e c t  
t o  them, and t r a n s l a t e  t h e  r e s u l t s  i n t o  t h e  behavior  of a l a r g e  number of 
p a r t i c l e s  s u b j e c t  to  t h e  f l u c t u a t i n g  f i e l d s  but u n c o r r e l a t e d  w i t h  e a c h  
o t h e r .  I n  Chapter  4 ,  w e  p r e s e n t  a b r i e f  summary of t h e  e f f e c t  of syn- 
c h r o t r o n  r a d i a t i o n  upon a s i n g l e  p a r t i c l e  and upon a d i s t r i b u t i o n  of p a r -  
t i c l e s  w i t h  d i f f e r i n g  e n e r g i e s  and o t h e r  p r o p e r t i e s .  Chapter  5 cons t i tu tes  
the s t e p  from a b s t r a c t  t h e o r y  t o  h o p e f u l l y  r e a l i s t i c  p r e d i c t i o n ,  i n  which 
w e  c o n s i d e r  how t h e s e  p r o c e s s e s  might work i n  combination w i t h  each o t h e r  
o r  w i t h  s t i l l  d i f f e r e n t  p r o c e s s e s  to  de te rmine  t h e  s p e c t r a  of p a r t i c l e s  
to  b e  found i n  n a t u r e .  F i n a l l y ,  i n  Chapter  6 w e  compare t h e s e  t h e o r e t i c a l  
c o n s i d e r a t i o n s  w i t h  some of t h e  p r o p e r t i e s  of t h e  observed phenomena and 
e v a l u a t e  t h e  e x t e n t  t o  which t h i s  i n v e s t i g a t i o n  h a s  improved o u r  under- 
s t a n d i n g  of t h e  problems d i s c u s s e d  i n  t h i s  opening c h a p t e r .  
7 
I V .  Preview of  Results 
I n  order  t h a t  t h e  d e t a i l s  of t h e  c a l c u l a t i o n s  t o  f o l l o w  should  n o t  
obscure  the  i d e a s  be ing  advanced, w e  g i v e  h e r e  a b r i e f  q u a l i t a t i v e  summary 
of what i s  t o  be found.  We s h a l l  conclude t h a t  randomly f l u c t u a t i n g  elec- 
t romagnet ic  f i e l d s  may account  f o r  t h e  p r o d u c t i o n  of high-energy p a r t i c l e s  
by t h e  process  of " s t o c h a s t i c  a c c e l e r a t i o n , "  and t h a t  t h e  most impor tan t  
e l e c t r i c  f i e l d  components f o r  t h i s  purpose  a r e  t h o s e  t r a n s v e r s e  t o  t h e  
average magnetic f i e l d  and v a r y i n g  w i t h  a f requency  which matches t h e  
n a t u r a l  f requency of g y r a t i o n  of t h e  p a r t i c l e s  b e i n g  a c c e l e r a t e d .  S t o -  
c h a s t i c  a c c e l e r a t i o n  i s  an average  e f f e c t  f o r  a l a r g e  number of p a r t i c l e s ,  
when any one p a r t i c l e  may e i t h e r  g a i n  o r  l o s e  energy i n  s m a l l  i n c r e m e n t s ;  
i t  i s  e q u i v a l e n t  t o  a g e n e r a l i z e d  d i f f u s i o n  o r  "random walk" p r o c e s s  i n  
energy .  
Whenever t h e r e  is a n e t  average  a c c e l e r a t i o n  of p a r t i c l e s  t h e r e  must 
be a t r a n s f e r  of energy  from some s o u r c e .  I n  F e r m i ' s  d i s c u s s i o n  of 
cosmic r a y  a c c e l e r a t i o n ,  t h i s  s o u r c e  was provided  by t h e  i n t e r s t e l l a r  
"clouds' . ;  t h e  i n t e r a c t i o n  between p a r t i c l e s  and c l o u d s  was e q u i v a l e n t  t o  
t h e r m a l i z i n g  c o l l i s i o n s  between t w o  s p e c i e s  of p a r t i c l e s  a t  d i f f e r e n t  
tempera tures  i n  a g a s ,  and because of t h e  v e r y  g r e a t  mass of  t h e  c l o u d s  
t h e y  had a h i g h  e f f e c t i v e  tempera ture  and provided  a s o u r c e  of  energy  
f o r  a c c e l e r a t i o n  of t h e  cosmic r a y  p a r t i c l e s .  I n  t h i s  work, t h e  s o u r c e  
of energy  is taken  t o  be plasma t u r b u l e n c e ;  i n  p a r t i c u l a r ,  w e  s h a l l  f i n d  
t h a t  low-frequency hydromagnetic t u r b u l e n c e  seems most promis ing ,  S O  t h i s  
i s  s i m i l a r  to  F e r m i ' s  d e s c r i p t i o n  of t h e  energy  source i n  s p i t e  of t h e  
g r e a t e r  a b s t r a c t i o n .  
The plasma t u r b u l e n c e ,  i n  t u r n ,  must have i t s  energy  s u p p l i e d  by 
some form of i n s t a b i l i t y ,  which may be e i t h e r  s t r o n g  and c a t a s t r o p h i c  or  
weak and c o n t i n u i n g ,  But t h i s  cha in  w i l l  n o t  be t r a c e d  i n  d e t a i l ,  f o r  
i t  i s  t h e  purpose of t h i s  work t o  t a k e  advantage  of plasma t u r b u l e n c e  a s  
an e s t a b l i s h e d  f a c t  whereby c e r t a i n  n a t u r a l  plasmas have a r e s e r v o i r  of 
energy  upon which t h e  s t o c h a s t i c  a c c e l e r a t i o n  p r o c e s s  may draw. 
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Chapter  2 
RELATIVISTIC STOCHASTIC ACCELERATION: THE hPETHOD 
I .  I n t r o d u c t i o n  
The need f o r  c o n s i d e r a t i o n  of the behav io r  of charged  p a r t i c l e s  
under  t h e  i n f l u e n c e  o f  s t o c h a s t i c  e l e c t r o m a g n e t i c  f i e l d s  has  been i n d i -  
c a t e d  i n  the p r e v i o u s  c h a p t e r .  I t  has  a l s o  been d i s c u s s e d  b r i e f l y  by 
S t u r r o c k  i n  h i s  e x p o s i t i o n  of the bas i c  method t o  be p re sen ted  h e r e .  I n  
t h a t  p a p e r ,  71 h e r e i n a f t e r  c a l l e d  "SA, *I t h e  s t o c h a s t i c  a c c e l e r a t i o n  of non- 
r e l a t i v i s t i c  p a r t i c l e s  i n  f l u c t u a t i n g  e l e c t r i c  f i e l d s  was s t u d i e d  i n  the  
sma l l -gy ro rad ius  l i m i t ,  assuming t h a t  t h e  f i e l d s  were p r o p e r l y  d e s c r i b e d  
s t a t i s t i c a l l y  a s  a s t a t i o n a r y  random p r o c e s s .  I t  is  impor t an t ,  i n  o r d e r  
t o  app ly  t h i s  t h e o r y  t o  s o l a r  f l a r e s  and o t h e r  more e n e r g e t i c  a s t ronomica l  
e v e n t s ,  t o  ex tend  t h e  c o n s i d e r a t i o n  of s t o c h a s t i c  a c c e l e r a t i o n  t o  r e l a -  
t i v i s t i c  e n e r g i e s  and magnet ic  f i e l d s ,  which w e  s h a l l  now do. The p r e s e n t  
c h a p t e r  w i l l  be t a k e n  up i n  deve loping  a g e n e r a l  formal i sm,  and i n  t h e  
f o l l o w i n g  c h a p t e r  w e  s h a l l  cons ide r  some more o r  less t r a c t a b l e  s p e c i a l  
c a s e s .  ( P a r t s  of t h e s e  two c h a p t e r s  have been p r e s e n t e d  i n  less d e t a i l  
i n  a r e c e n t  a r t i c l e .  ) S p a t i a l  d i f f u s i o n  e f f e c t s  a lso r e s u l t  from t h i s  
g e n e r a l  t h e o r y ,  bu t  t h e y  a r e  n o t  our pr imary  i n t e r e s t  h e r e  and w i l l  be 
de-emphasized. 
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More s p e c i f i c a l l y ,  we s h a l l  now p r e s e n t  two d i f f e r e n t  approaches t o  
t h e  s t o c h a s t i c  a c c e l e r a t i o n  problem, a l though  bo th  l e a d  t o  t h e  same re- 
s u l t s .  Without implying complete equ iva lence  t o  o t h e r  c o n t e x t s  i n  which 
t h e  terms a r e  used ,  w e  l a b e l  t h e s e  a s  t h e  Fokker-Planck (FP) and q u a s i -  
l i n e a r  (QL) methods. 
Of o u r  work on t h i s  problem, and g ives  c o n t a c t  w i t h  c e r t a i n  p rev ious  
work, 71'73 bu t  now t e n d s  to  be more of h i s t o r i c a l  i n t e r e s t  s i n c e  t h e  QL 
method h a s  been found t o  add both  s i m p l i c i t y  and e l egance  t o  t h e  c a l c u l a -  
t i o n s .  N e v e r t h e l e s s ,  it seems u s e f u l  t o  d i s c u s s  bo th  because of t h e  unique  
i n s i g h t s  each  can c o n t r i b u t e  and t h e  d i f f e r i n g  shades  of meaning t h e y  a t -  
t r i b u t e  t o  t h e  t h e o r y .  
The FP method was used  throughout  t h e  g r e a t e r  p a r t  
The p r e s e n t a t i o n  i n  t h i s  chap te r  w i l l  be ve ry  g e n e r a l ,  bu t  p r o b a b l y  
most c l e a r l y  unders tood  if i t  i s  kept  i n  mind t h a t  w e  i n t e n d  l a t e r  t o  
s p e c i f y  t h a t  t h e  f l u c t u a t i n g  f o r c e s  a r i s e  from e l e c t r o m a g n e t i c  f i e l d s .  
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These i n  turn  a r e  t o  be thought  of a s  a s p e c t s  of t u r b u l e n t  modes of a 
plasma, but t h i s  work w i l l  be l i m i t e d  t o  t h e  u s e  of t h e  f i e l d s  themselves ,  
l e a v i n g  f o r  s e p a r a t e  s t u d y  t h e  problem of r e l a t i n g  t h e  e l e c t r o m a g n e t i c  
spectrum t o  t h e  spectrum of plasma e x c i t a t i o n s  which i t  r e p r e s e n t s .  These 
e x c i t a t i o n s  must be s u f f i c i e n t l y  smal l  (llweakll t u r b u l e n c e )  t h a t  t h e  condi-  
t i o n s  on t h e  f i e l d s  f o r  a p e r t u r b a t i o n  t h e o r y ,  which w i l l  e x p l i c i t l y  ap- 
p e a r  below, can be s a t i s f i e d .  There is  a n o t h e r  and nonequiva len t  s e n s e  
i n  which these  e x c i t a t i o n s  may be s m a l l ;  namely, t h a t  t h e y  be l i n e a r  os- 
c i l l a t i o n s ,  so t h a t  e a c h  F o u r i e r  mode i n  t h e  spectrum is independent  and 
does n o t  i n t e r a c t  w i t h  any o t h e r  modes. T h i s  l a t t e r  s e n s e  of s m a l l n e s s  
is n o t  of importance t o  o u r  t h e o r y ,  f o r  t h e  spectrum f u n c t i o n  
s t i l l  w e l l  d e f i n e d  and w e l l  behaved when t h e  o s c i l l a t i o n s  a r e  n o n l i n e a r  
(even though i t  no l o n g e r  h a s  such  a s imple  i n t u i t i v e  meaning);  a l l  t h e  
r e s u l t s  w i l l  remain v a l i d  a s  l o n g  a s  t h e  f l u c t u a t i o n s  a r e  s m a l l  i n  t h e  
f i rs t  sense .  
SG,u) is 
11. Assumptions and N o t a t i o n  
The problem t o  be t r e a t e d  h e r e  i s  one of test p a r t i c l e s ;  t h a t  is, 
even though many p a r t i c l e s  a r e  b e i n g  c o n s i d e r e d  i n  some s e n s e ,  w e  w i l l  
i g n o r e  t h e i r  e f f e c t  upon one a n o t h e r  a s  w e l l  a s  t h e i r  r e a c t i o n  upon what- 
e v e r  s o u r c e ,  e x t e r n a l  t o  them, may be p r o v i d i n g  t h e  f o r c e s  which d e t e r m i n e  
t h e i r  motion. We may s u g g e s t  t h r e e  ways i n  which such  a s i t u a t i o n  c o u l d  
be of i n t e r e s t .  F i r s t ,  t h i s  may s imply  be r e g a r d e d  a s  t r e a t i n g  h a l f  of 
t h e  complete problem, w i t h  t h e  o t h e r  ha l f - - the  dynamics of t h e  e x t e r n a l  
s o u r c e s - - s t i l l  to be done. T h i s  i s  t h e  way i n  which t h i s  a n a l y s i s  c o u l d  
be r e l a t e d  t o  q u a s i - l i n e a r  t h e o r y .  Second, i t  may be p r o p e r  t o  c o n s i d e r  
t h e  f o r c e s  a s  u n d i s t u r b e d  because t h e y  a r e  a c t u a l l y  b e i n g  imposed by a 
s o u r c e  w i t h  v e r y  h i g h  e f f e c t i v e  "impedance. F i n a l l y ,  t h e  p a r t i c l e s  w e  
c o n s i d e r  may a c t u a l l y  be some s p e c i a l  c l a s s  of p a r t i c l e s ,  many i n  number 
but  s t i l l  only a v e r y  s m a l l  f r a c t i o n  of a l l  the p a r t i c l e s  p r e s e n t ,  SO t h a t  
t h e  spectrum of forces is  determined and s u p p l i e d  by t h e  background and 
i s  indeed not much a f f e c t e d  by t h e  "test  d i s t r i b u t i o n . 1 1  A group of h i g h l y  
supra thermal  p a r t i c l e s  i n  a non-Maxwellian l l t a i l t l  c o u l d  p r o v i d e  such  a 
c a s e .  
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The o t h e r  assumption d e f i n i n g  the  problem is  t h e  i d e a l i z a t i o n  of 
the  f o r c e  f l u c t u a t i o n s  a s  a s t a t i o n a r y ,  homogeneous, random f i e l d  w i t h  
z e r o  mean, which i s  comple te ly  d e f i n e d  a s  a s t a t i s t i c a l  p r o c e s s  by i t s  
c o r r e l a t i o n  f u n c t i o n s  of a l l  orders.  The r e s u l t s  w i l l  be u s a b l e  f o r  non- 
s t a t i o n a r y ,  inhomogeneous f i e l d  s p e c t r a  i f  and when t h e  t i m e  o r  l e n g t h  
c h a r a c t e r i s t i c  of growth o r  damping is much g r e a t e r  t h a n  t h a t  c h a r a c t e r -  
i s t i c  of s e l f - c o r r e l a t i o n .  S i n c e  the f i e l d  f l u c t u a t i o n s  w i l l  be supposed 
t o  have a f i n i t e  c o r r e l a t i o n  t i m e  they must, when f o r m a l l y  Four ie r -ana lyzed ,  
n e c e s s a r i l y  have a spectrum c o n s i s t i n g  of more t h a n  one  mode of  o s c i l l a -  
t i o n .  There w i l l  be f i n i t e  effective h a l f - w i d t h s  i n  f r e q u e n c y  and wave- 
number r e l a t e d  t o  t h e  e f f e c t i v e  s e l f - c o r r e l a t i o n  t i m e  and l e n g t h  by 
U T  2 1 ,  
% C  
k L  E l ,  
% C  
( 2 . 2 . 1 )  
I 
and i n  t h e s e  terms t h e  c o n d i t i o n s  f o r  q u a s i - s t a t i o n a r y  t u r b u l e n c e  a r e  
( 2 . 2 . 2 )  
where t h e  damping r a t e s  ai and ki a r e  e v a l u a t e d  a t  any r e a l  f requency  
o r  wavenumber which makes a s i g n i f i c a n t  c o n t r i b u t i o n  t o  the spectrum. 
Now w e  i n t r o d u c e  t h e  n o t a t i o n  w i t h  which w e  s h a l l  s o l v e  this prob- 
l e m .  F i r s t ,  l e t  the p a r t i c l e s  be r e p r e s e n t e d  by a d i s t r i b u t i o n  f u n c t i o n  
F which g i v e s  t h e i r  d e n s i t y  i n  phase space ,  and l e t  X (p = 1 , 2 ,  ..., 6 )  
s t a n d  fo r  any s i x  o r t h o g o n a l  c o o r d i n a t e s  ( u s u a l l y  t h r e e  of  p o s i t i o n  m d  
t h r e e  of momentum) i n  t h i s  phase  s p a c e .  Then t h e  t o t a l  number of p a r t i c l e s  
is  
CI 
( 2 . 2 . 3 )  
t h e  h a r e  s q u a r e  roots of t h e  elements of a d i a g o n a l  metric t e n s o r  
[ (d:) 
c u r v i l i n e a r  c o o r d i n a t e s ,  t h e  a c t i o n  of t h e  s t a n d a r d  v e c t o r  o p e r a t o r  
= h dX 1 ,  
P P  
and i n  C a r t e s i a n  c o o r d i n a t e s  hv = 1 f o r  a l l  v. I n  
0' 
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--+ 
upon a s c a l a r  S and a 6 -vec to r  V i s  g iven  by 
1 as V V  = d i v V =  * Z d X  a c?) h ( 2 . 2 . 4 )  
c l c I  P 
P c l  
V S = (grad  S)P = ax , P 
w i t h  
6 
h =  h v .  
V = l  
The u s u a l  summation convent ion  f o r  r e p e a t e d  s u b s c r i p t s  may be used  w i t h  
the unde r s t and ing  t h a t  t h e  s u b s c r i p t  on h i s  n o t  t o  be counted .  
V 
The equa t ions  of motion of a s i n g l e  p a r t i c l e  s i t u a t e d  a t  t h e  p o i n t  
X a t  t he  t i m e  t w i l l  depend upon t h e  f i e l d s  of f o r c e  t o  which the 
p a r t i c l e  is s u b j e c t .  W e  s h a l l  w r i t e  t h e s e  e q u a t i o n s  a s  
P 
( 2 . 2 . 5 )  
where G i n c l u d e s  t h e  e f f e c t s  of whatever  l a r g e - s c a l e  d e t e r m i n a t e  f i e l d  
may be p r e s e n t ,  and g i s  t h e  c o n t r i b u t i o n  of t h e  randomly f l u c t u a t i n g  
f i e l d s .  S o l u t i o n s  of t h i s  e q u a t i o n  f o r  g = 0 w i l l  be r e f e r r e d  t o  a s  
"unperturbed o r b i t s .  
P 
P 
cc 
Since  i t  i s  our  i n t e n t i o n  t o  d e a l  e x c l u s i v e l y  w i t h  e l e c t r o m a g n e t i c  
f o r c e s ,  we may n o t e  h e r e  a p r o p e r t y  which s i m p l i f i e s  s e v e r a l  e q u a t i o n s  
below. I t  i s  w e l l  known t h a t  t h e  momentum d i v e r g e n c e  of t h e  L o r e n t z  f o r c e ,  
van i shes  ( a s  it does  f o r  any f o r c e ,  such a s  g r a v i t a t i o n a l ,  which is  de-  
r i v e d  from a p o t e n t i a l ) .  That  i s ,  t h e  3-vectors x and p s a t i s f y  
-P + 
(2 .2 .6a  ) 
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and 
+ 
d 
dX 
( 2 . 2 . 6 b j  
+ + 
t h e  l a t t e r  e q u a l i t y  f o l l o w i n g  because x and p a r e  t r e a t e d  a s  indepen- 
d e n t  c o o r d i n a t e s  i n  phase space .  Thus w e  w i l l  have 
and 
( 2 . 2 . 7 a )  
(2 .2 .7b)  
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111. Fokker-Planck Approach 
There  i s  one b a s i c  e q u a t i o n  t h a t  l ies  a t  t h e  f o u n d a t i o n  of t h e  p r e s -  
e n t  t h e o r y ;  t h i s  i s  t h e  e q u a t i o n  of c o n t i n u i t y  (or c o n s e r v a t i o n  of par-  
t i c l e s )  i n  phase s p a c e .  
some p o i n t s  t h e  e f f e c t s  of n u c l e a r  o r  o t h e r  i n t e r a c t i o n s  c a p a b l e  of c r e a t -  
i n g  or a n n i h i l a t i n g  p a r t i c l e s ,  w e  write t h i s  e q u a t i o n  now i n  t h e  absence 
of any s o u r c e s  o r  s i n k s :  
Although i n  l a t e r  c h a p t e r s  w e  w i l l  i n c l u d e  a t  
dX l a  -* aF + [s F] I + 'i; ax [h -$ F] = 0 , 
P 
at ( 2 . 3 . 1 )  
FP and &L r e p r e s e n t  d i f f e r e n t  ways of working w i t h  t h i s  e q u a t i o n  t o  f i n d  
t h e  effects  of a p a r t i c u l a r  t y p e  of f o r c e s  i n  ( 2 . 2 . 5 ) ,  t h a t  i s ,  d i f f e r e n t  
s t r a t a g e m s  f o r  i n t e g r a t i n g  (2 .3 .1)  even though t h e  f o r c e s  a c t i n g  a r e  n o t  
c o m p l e t e l y  known. 
FP is b e s t  understood a s  a mul t id imens iona l  Lagrange expans ion;  w e  
may begin  w i t h  e q u a t i o n  ( 4 . 1 )  of  Reference 75, t r a n s l a t e d  i n t o  t h e  p r e s e n t  
n o t  at ion  : 
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F(X , t  + A t )  = F(X , t )  - r; ax a [hF(X , t )  AX (X , t , A t ) ]  
U U 0 C I U  CI 
l a b  [hF(X , t )  AX (X , t , A t )  aX (X , t , A t ) ]  - . .  . . +2haxax U P a  v u  
C I V  
( 2 . 3 . 2 )  
T h i s  r e l a t e s  t h e  change i n  F a t  t h e  p o i n t  X d u r i n g  a s m a l l  t i m e  
i n t e r v a l  A t  t o  t h e  change i n  p o s i t i o n  AX of a s i n g l e  p a r t i c l e  s t a r t -  
i n g  a t  X d u r i n g  t h i s  same i n t e r v a l ,  and i n  t h e  l i m i t  of i n f i n i t e s i m a l  
A t  i t  of c o u r s e  r e d u c e s  t o  ( 2 . 3 . 1 ) .  But f o r  f i n i t e  A t  t h e  e x p r e s s i o n  
U 
P 
CT 
dX 
d t '  -$ [ X  + AX (X , t , t ' ) , t + t ' ]  ( 2 . 3 . 3 )  
U u u  Ax (x , t ,n t )  = P a  
must be used. 
I n  order to  circumvent  t h e  i m p l i c i t  n a t u r e  of t h i s  e q u a t i o n  and 
make a c t u a l  u s e  of i t ,  w e  must c a r r y  o u t  a T a y l o r  expansion of i t s  i n -  
t e g r a n d .  Cons ider  f i rs t  t h e  c a s e  g = 0 and e v a l u a t e  a l l  q u a n t i t i e s  
P 
t h e n  
a t  Xcrtt; 
( 2 . 3 . 4 )  
The i n t e r v a l  At 
t h a t  may be r e q u i r e d  i n  t r e a t i n g  g when t h e  l a t t e r  becomes f i n i t e ,  
so t h e  o n l y  s a t i s f a c t o r y  c o n d i t i o n  f o r  t h i s  expans ion  w i l l  be 
must a t  t h i s  p o i n t  be l e f t  free to  t a k e  on any v a l u e  
CI 
D G &  243 
cc E -$ + GY -& f 0 ; D t  
V 
(2.3.5) 
i t  w i l l  a l s o  p r e c l u d e  any c o n t r i b u t i o n  t o  ( 2 . 3 . 4 )  by terms of t h i r d  o r  
h i g h e r  o r d e r  i n  A t .  T h i s  is a r e s t r i c t i o n ,  n o t  on b u t  on what 
GP 
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s y s t e m s  of c o o r d i n a t e s  may be used ,  F o r  a g iven  G there may w e l l  be 
s e v e r a l  sys t ems  f o r  which t h i s  i s  s a t i s f i e d ,  and there i s  always a t  
l e a s t  one ( a l though  it  i s  n o t  guaranteed  t o  be f a m i l i a r ,  a t t r a c t i v e ,  or 
c o n v e n i e n t ) .  To show t h i s ,  cons ider  aga in  t h e  p a r t i c l e  a t  Xu; t h i s  
p a r t i c l e  may be fo l lowed both  forward and backward i n  t i m e  a s  i t  t r a c e s  
o u t  i t s  o r b i t  i n  phase space .  L ikewise ,  a p a r t i c l e  a t  ano the r  nearby  
p o i n t  t r a c e s  o u t  a nearby  o r b i t ;  no two o r b i t s  may e v e r  i n t e r s e c t  ( f o r  
t hen  Newtonian mechanics would be  i n d e t e r m i n a t e ) ,  and eve ry  p o i n t  of t h e  
space  has  e x a c t l y  one o r b i t  pas s ing  through i t .  Then w e  have o n l y  t o  
c o n s t r u c t  a f ive-d imens iona l  subspace o r t h o g o n a l  t o  t h i s  f a m i l y  of t r a -  
j e c t o r i e s .  I n  t h a t  f i ve - space ,  any c o o r d i n a t e s  a t  a l l  may be used ,  f o r  
t h e y  a r e  o n l y  a p a r a m e t r i z a t i o n ,  o r  l a b e l i n g ,  of t h e  o r b i t s  and t h e  c o r r e -  
sponding G a r e  z e r o .  The s ix th  c o o r d i n a t e  may then  g i v e  d i s t a n c e  a long  
t h e  o r b i t s  a s  p r o p o r t i o n a l  t o  the r e a d i n g s  of a c lock  moving w i t h  t h e  p a r -  
t i c les ,  so t h a t  G6 
c, 
CI 
is nonzero but c o n s t a n t ,  and s a t i s f i e s  (2.3.5). 
There  must a l s o  be a r e s t r i c t i o n  on F i n  o r d e r  t h a t  (2.3.2) con- 
v e r g e  : 
a l t e r n a t i v e  view is t h  A 
(2.3.6) 
t f o r  a g iven  F t h e  theo ry  wiii succeed o n l y  
i f  a l l  o t h e r  r equ i r emen t s  below can be m e t  w i t h  a 
s a t i s f y  (2.3.6). The meaning o f  t h i s  should  be c l e a r ;  i t  i s  t h a t  no c a l -  
c u l a t e d  c o n t r i b u t i o n  t o  t h e  change i n  F should  be comparable t o  F it- 
s e l f .  
At  sma l l  enough t o  
Re tu rn ing  t o  (2.3.3), w e  c a l c u l a t e  t h e  c o n t r i b u t i o n  of g by 
c, 
Taylor-expanding about  X ' ( t + t ' )  = X + G (X , t ) t '  r a t h e r  t h a n  about  
X i t s e l f :  
U U u u  
U 
(2.3.7) 
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The f i e l d s  g 
averaged i n  o r d e r  t o  o b t a i n  an answer i n  terms of t h e i r  s t a t i s t i c a l  prop- 
ert ies alone.  
a r e  n o t  known i n  d e t a i l ,  and e q u a t i o n  ( 2 . 3 . 2 )  must be 
CI 
Since  t h e  f i e l d s  have z e r o  mean, ( 2 . 3 . 7 )  l e a d s  t o  
iAt d t '  lt' d t "  4 ( X t f , t + t t t )  -$ 
V 
V t J  
( 2 . 3 . 8 )  
<< F . ( 2 . 3 . 1 1 )  
(2 .3 .9)  
(2 .3 .10)  
C l e a r l y ,  a p e r t u r b a t i o n - t y p e  c a l c u l a t i o n  i s  being made w i t h  r e s p e c t  t o  
t h e  s t r e n g t h  of t h e  f l u c t u a t i n g  f i e l d s ;  w e  a r e  f i n d i n g  terms of  second 
o r d e r  to  r e p r e s e n t  t h e  lowes t -order  n o n t r i v i a l  e f fec t ,  and a r e  n e g l e c t i n g  
a l l  h igher -order  terms. The c o n d i t i o n  f o r  doing  t h i s  i s  a l s o  r e q u i r e d  if 
( 2 . 3 . 2 )  i s  t o  converge s t r o n g l y ,  and i s  j u s t  l i k e  (2 .3 .6) :  
F i n a l l y ,  c o n s i d e r  t h e  meaning of (2 .3 .8)  and ( 2 . 3 . 9 ) .  They depend 
a t  two d i f f e r e n t  p o i n t s  on 
gCI 
on t h e  c o r r e l a t i o n  between t h e  v a l u e s  of 
t h e  same unperturbed o r b i t ,  A u s e f u l  r e s u l t  can be o b t a i n e d ,  independent  
of t h e  t r a n s i e n t  d e t a i l s  of o n l y  by r e q u i r i n g  t h a t  At  be much 
a s  can be 
glJ , 
l a r g e r  than the t y p i c a l  s e l f - c o r r e l a t i o n  t i m e  TC of gp, 
s e e n  from Fig.  1 ;  f o r  t h e n  one i n t e g r a t i o n  can be ex tended  t o  i n f i n i t y  i n  
b o t h  d i r e c t i o n s  w i t h  s m a l l  r e l a t i v e  error, and t h e  o t h e r  s imply  g i v e s  a 
l i n e a r  p r o p o r t i o n a l i t y  t o  A t .  T h i s  is  p r e c i s e l y  t h e  b e h a v i o r  one must 
have i n  order t o  use t h e s e  q u a n t i t i e s  as V o k k e r - P l a n c k  c o e f f i c i e n t s . "  
The form cus tomar i ly  used is  o b t a i n e d  by d i v i d i n g  (2.3.2) by A t ;  if 
1 6  
t " 
A t  
A t  t '  
FIG. 1. REGION OF INTEGRATION OF<g  ( t ' )  g , ( t " ) > .  
Ou t s ide  t h e  shaded area  , t h e  i n t e a a n d  becomes 
v e r y  s m a l l .  
(2.3.6) is  s a t i s f i e d ,  ,@/At may s t i l l  be r e p r e s e n t e d  by a F / a t ?  and 
a f t e r  u s i n g  (2.3.4), ( 2 . 3 . 5 )  and ( 2 . 2 . 7 )  w e  have 
(2 .3 .12)  
T h i s  e q u a t i o n  was t h e  b a s i s  of  o u r  e a r l y  work on t h e  problem, bu t  
i t  had c e r t a i n  d i s a d v a n t a g e s .  The l l d i f f u s i o n "  c o e f f i c i e n t  ( 2 . 3 . 9 )  i s  
g e n e r a l l y  r e a d i l y  c a l c u l a b l e ,  f o r  i t  i s  w r i t t e n  e n t i r e l y  i n  terms of 
q u a n t i t i e s  on t h e  unpe r tu rbed  o r b i t .  But t h e  l t f r i c t i o n l l  c o e f f i c i e n t  
(2 .3 .8 )  makes u s e ,  i n  e f f e c t ,  of f i r s t - o r d e r  o r b i t  c o r r e c t i o n s .  
sequence of t h i s  is simply a l g e b r a i c  compl i ca t ion ,  which i n  p r i n c i p l e  i s  
One con- 
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no t  d i s a s t r o u s ;  bu t  i n  a c t u a l  c a l c u l a t i o n  f o r  a s p e c i a l  c a s e ,  t h i s  com- 
p l i c a t i o n  was of s u f f i c i e n t  q u a n t i t y  t h a t  the appearance of the  ( l e n g t h y )  
f i n a l  r e s u l t s  d i d  n o t  cause  u s  t o  r e a l i z e  t h e  p re sence  of an e r r o r  a t  an 
e a r l y  step,  and i n c o r r e c t  conc lus ions  were a c t u a l l y  drawn from t h e s e  re- 
s u l t ~ ~ ~  ( a s  shown i n  the  nex t  c h a p t e r ,  magnet ic  s c a t t e r i n g  % i s o t r o p i c ) .  
A second consequence was t h e  appearance of some terms which seemed to  
have an improper asymptot ic  dependence on A t ,  so t h a t  t h e y  cou ld  no t  
be used a s  Fokker-Planck c o e f f i c i e n t s .  T h i s  a p p a r e n t l y  l i m i t e d  t h e  pos- 
s i b i l i t i e s  f o r  complete  s o l u t i o n  t o  a f e w  s p e c i a l  cases ( n o n r e l a t i v i s t i c ,  
no e l e c t r i c  f i e l d ,  o r  sma l l  gy ro f requency) ;  bu t  a s  w i l l  be seen  by fo l low-  
i n g  t h e  QL method i n  t h e  next  s e c t i o n ,  t h i s  w a s  because  t h e  a l g e b r a i c  
compl ica t ion  camouflaged t h e  way i n  which the  terms combine w i t h  one an- 
o t h e r  to  e l i m i n a t e  t h e s e  d i f f i c u l t i e s .  
We must mention s t i l l  ano the r  c o n d i t i o n ,  which i s  e a s i l y  ove r looked .  
I n  o rde r  t o  pas s  from a s i n g l e - p a r t i c l e  r e s u l t  t o  a s t a t i s t i c a l  ave rage ,  
i t  was i m p l i c i t l y  assumed t h a t  each  p a r t i c l e  was s u b j e c t  t o  a d i f f e r e n t ,  
independent member of an ensemble of f i e l d  r e p r e s e n t a t i o n s .  If t h i s  i s  
t o  be t r u e ,  t he  average  nea res t -ne ighbor  d i s t a n c e  between test p a r t i c l e s  
should  be l a r g e  compared w i t h  t h e  coherence  l e n g t h  of t h e  f l u c t u a t i o n s .  
Otherwise t h e  p a r t i c l e s  would be,  i n  Buneman's p i c t u r e s q u e  d e s c r i p t i o n ,  
" a l l  rocking  i n  t h e  same boat!' r a t h e r  t h a n  d i f f u s i n g  independen t ly .  W e  
might t r y  t o  c i rcumvent  t h i s  by ave rag ing  o v e r  a l a r g e r  r e g i o n  Of s p a c e  
and so e f f e c t i v e l y  d e f i n i n g  a smoothed d i s t r i b u t i o n  f u n c t i o n  which would 
p rope r ly  obey o u r  e q u a t i o n s .  But one shou ld  be r a t h e r  c a u t i o u s  about  
adopt ing t h i s  a t t i t u d e ,  because  if t h e r e  a r e  N p a r t i c l e s  c l o s e  enough 
t o  each  o t h e r  t o  be responding  c o h e r e n t l y  t o  t h e  f l u c t u a t i o n s ,  t h e y  can 
r e a c t  upon t h e  spectrum w i t h  a s t r e n g t h  p r o p o r t i o n a l  t o  N , T h i s  pa r -  
t i c u l a r  p o i n t  appea r s  more c l e a r l y  from FP t h a n  from QL. 
2 
72 IV. Quas i -L inea r  Approach 
W e  now p r e s e n t  a d i f f e r e n t  mathemat ica l  t e c h n i q u e  f o r  a n a l y z i n g  t h e  
same problem, which removes some of t h e  d i f f i c u l t i e s  encoun te red  w i t h  FP 
and makes i t  p o s s i b l e  t o  w r i t e  c o n c i s e l y  a more g e n e r a l  s o l u t i o n  t h a n  
former ly  seemed p o s s i b l e .  T h i s  d e r i v a t i o n  b e a r s  a s t r o n g  S i m i l a r i t y  t o  
t h e  q u a s i - l i n e a r  t h e o r y  of plasma d i s t u r b a n c e s ,  and i n  p a r t i c u l a r  i t  
18 
approaches i n  some r e s p e c t s  r e c e n t  work of S h ~ i p i r o " ' ~ ~  and of Kennel 
and Engelmann.79 But it d i f f e r s  i n  t h e  r e p r e s e n t a t i o n  of t h e  f i e l d s ,  
and i n  t he  e x a c t  meaning t o  be a t t a c h e d  t o  t h e s e  f i e l d s  and t o  t h e  d i s -  
t r i b u t i o n  f u n c t i o n  d e s c r i b i n g  the p a r t i c l e s .  
W e  begin aga in  w i t h  e q u a t i o n  ( 2 , 3 . 1 ) ,  which i s  e x a c t .  The f u n c t i o n  
F w i l l  develop i n  an i r r e g u l a r  way under t h e  i n f l u e n c e  of g and t h e  
d e t a i l e d  f l u c t u a t i o n s  a r e  n o t  of i n t e r e s t .  W e  need t o  f i n d  o n l y  some 
e x p e c t a t i o n  v a l u e  of F i n  terms of t h e  s t a t i s t i c a l  p r o p e r t i e s  of 
so  w e  c o n s i d e r  an ensemble of d i s t r i b u t i o n  f u n c t i o n s ,  a l l  beginning  w i t h  
i d e n t i c a l  v a l u e s  a t  some time t = t . L e t  each  of  these f u n c t i o n s  be 
s u b j e c t  t o  a d i f f e r e n t  member of an ensemble of r e a l i z a t i o n s  of 
P 1  
gP1 
gp, i .e.1 
0 
f l u c t u a t i n g  f i e l d  h i s t o r i e s  which a r e  independent  of one a n o t h e r  i n  de- 
t a i l ,  bu t  i d e n t i c a l  a s  t o  s t a t i s t i c a l  averages .  A t  any t i m e  t > t t h e  
v a r i o u s  f u n c t i o n s  F w i l l  d i f f e r  from e a c h  o t h e r ,  and an e q u a t i o n  i s  re- 
q u i r e d  f o r  < F >  , t h e  average of F o v e r  a l l  members of t h e  ensemble.  
T h i s  i s  provided by t a k i n g  t h e  average of ( 2 . 3 . 1 ) ,  u s i n g  ( 2 . 2 . 5 )  and 
( 2 . 2 . 7 ) :  
0 
where 
i s  
6F = F - ( E ' > .  m ihen  the d i f f e r e n c e  between ( 2 . 3 . 1 )  and ( 2 . 4 . 1 )  
( 2 . 4 - 2 )  
t h e  l a s t  t w o  e q u a t i o n s  t o g e t h e r  c o n t a i n  a l l  t h e  i n f o r m a t i o n  i n  ( 2 . 3 , l ) .  
[The use of (2 .27)  t o  move t h e  d e r i v a t i v e  i n  some terms b u t  n o t  i n  o t h e r s  
i s  de termined  by t h e  desire to  w r i t e  the  f i n a l  r e s u l t  i n  the form (2.4.7) .  ] 
W e  s h a l l  a g a i n  u s e  a p e r t u r b a t i o n  method t o  s o l v e  t h e s e  e q u a t i o n s ,  
SO t h e  key t o  t h e  remainder  of t h e  a n a l y s i s  i s  t h e  assumption of small-  
a m p l i t u d e  f l u c t u a t i o n s .  Suppose g i s  s u f f i c i e n t l y  s m a l l  t h a t  t h e r e  
c1 
e x i s t s  a t i m e  s c a l e  T s a t i s f y i n g  
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< F >  T << T << TF E 
C 
( 2 . 4 . 3 )  
[Notice t h a t  t h e s e  a r e  t h e  same c o n d i t i o n s  which were used b e f o r e  i n  
e q u a t i o n  ( 2 . 3 . 1 1 )  and F i g .  1.1 
6F genera ted  by g w i t h i n  c t i m e  T must remain much s m a l l e r  t h a n  
Then accord ing  t o  ( 2 . 4 . 2 )  t h e  v a r i a t i o n  
P 
< F > ,  and t h e  r igh t -hand s i d e  of ( 2 . 4 . 2 )  may be approximated by i ts  
f i rs t  t e r m ,  A h i g h e r  approximation c o u l d  be found by i t e r a t i o n .  I f  w e  
know t h e  c h a r a c t e r i s t i c s  of t h e  S t o k e s  o p e r a t o r  
orbi ts--we may proceed t o  i n t e g r a t e  ( 2 . 4 . 2 )  and s u b s t i t u t e  i t  i n t o  ( 2 . 4 . 1 )  
t o  o b t a i n  an e q u a t i o n  i n v o l v i n g  averaged q u a n t i t i e s  on ly :  
D/Dt--the unper turbed  
( 2 . 4 . 4 )  
Here t - t << TF and X ' ( t ' )  i s  t h a t  unper turbed  o rb i t  t h a t  p a s s e s  
through X a t  t '  = t .  
I n  o r d e r  t o  be a b l e  t o  e v a l u a t e  t h e  l a s t  d e r i v a t i v e  i n  ( 2 . 4 . 4 )  a t  
0 cr 
U 
X r a t h e r  than  a t  X ' ( t ' ) ,  w e  should  use n a t u r a l  c o o r d i n a t e s  sugges ted  
by t h e  problem itself such  t h a t  
U CT 
DG 
- r = o ,  D t  ( 2 . 4 . 5 )  
a s  may be shown b y  a s t r a i g h t f o r w a r d  c a l c u l a t i o n  of t h e  d i f f e r e n c e  between 
t h e  t w o  d e r i v a t i v e s .  T h i s  means t h a t  t h e  problem is  b e s t  s o l v e d  i n  CO- 
o r d i n a t e s  which a r e  s imply a p a r a m e t r i z a t i o n  of t h e  u n p e r t u r b e d  o r b i t s ,  
a s  was d iscovered  i n  t h e  p r e c e d i n g  s e c t i o n .  
e q u a t i o n  ( 2 . 4 . 4 )  i s  reduced t o  a p u r e  d i f f e r e n t i a l  equat ion:  
Then t h e  i n t e g r o - d i f f e r e n t i a l  
20  
( 2 . 4 . 6 )  
The lowest-order  n o n t r i v i a l  resul t  a p p e a r s  now a s  a d i f f u s i o n  e q u a t i o n  
i n v o l v i n g  o n l y  second-order c o r r e l a t i o n  f u n c t i o n s  of t h e  f i e l d  g * i t  
may be w r i t t e n  a s  
P J  
D<F) 2 V [D V v < F > ]  , D t  P CLV ( 2 . 4 . 7 )  
where 
I t  is  t h e  requi rement  i n  (2 .4 .3)  t h a t  t - t >> T which a l l o w s  
0 C 
PV 
e x t e n s i o n  of t h e  i n t e g r a t i o n  to  -m and makes D a f u n c t i o n  of t 
a l o n e ,  e l i m i n a t i n g  any dependence upon i n i t i a l  c o n d i t i o n s  a t  to. S i n c e  
no c o r r e l a t i o n  remains w i t h  conditions a t  t t may be t a k e n  a s  t h e  
b e g i n n i n g  of a n o t h e r  i n t e g r a t i o n ,  and ( 2 . 4 . 7 )  may be thought  of a s  b e i n g  
s o l v e d  i n  t h i s  s tep-by-step manner t o  f i n a l l y  o b t a i n  < F >  a t  any t i m e ,  
n o t  l i m i t e d  from.above by ( 2 . 4 . 3 ) .  
0' 
-
We can now show t h e  r e l a t i o n  of t h i s  d e r i v a t i o n  (QL) to  t h a t  i n  t h e  
p r e c e d i n g  s e c t i o n  (FP). The d e r i v a t i v e  v may be moved to  t h e  l e f t  i n  
e q u a t i o n  ( 2 . 4 . 7 )  t o  o b t a i n  
V 
D(F>s V V [D v(F > I -  V [(V D ) < F > ]  . 
D t  P V  lJ CL v CLV 
( 2 . 4 . 9 )  
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By i n t e r c h a n g i n g  t h e  dummy i n d i c e s  p and v ,  i t  is e a s i l y  shown t h a t  
t h e  f i rs t  t e r m  i s  de termined  e n t i r e l y  by t h e  symmetric p a r t  of t h e  d i f -  
f u s i o n  t e n s o r  , 
1 Ds = - ( D  + D  ) ,  
JJv 2 clv V P  
(2 .4 .10 )  
bu t  t h e  second term w i l l  depend a l s o  on t h e  an t i symmetr ic  p a r t  
(2 .4 .11  ) 
I n  t h e  presence  of magnet ic  f i e l d s ,  w e  must n o t  e x p e c t  t h a t  
be  z e r o ,  a s  i t  might o t h e r w i s e  be .  
( 2 . 4 . 9 )  may be compared w i t h  ( 2 . 3 . 8 ) ,  ( 2 . 3 . 9 ) ,  and (2 .3 .12 )  t o  see t h a t  
t h e  r e su l t s  a r e  expres sed  by formulae  which a r e  e q u i v a l e n t  ( excep t  as 
noted  i n  t h e  f o l l o w i n g  p a r a g r a p h )  no m a t t e r  which d e r i v a t i o n  is used ,  
even though a somewhat d i f f e r e n t  meaning i s  a t t a c h e d  t o  some of t h e  sym- 
b o l s  dur ing  t h e  cour se  of QL a s  opposed t o  FP. W e  have a l r e a d y  seen  t h a t  
t h e  same c o n d i t i o n s  upon t h e  s t r e n g t h  and coherence  t i m e  of t h e  f l u c t u a -  
t i o n s  a r e  r e q u i r e d  i n  e i t h e r  c a s e ,  b u t  t h e r e  a l s o  seem to be two d i f f e r -  
e n c e s .  F i r s t ,  FP makes t h e  p r e v i o u s l y  mentioned r equ i r emen t  on t h e  
i n t e r p a r t i c l e  s e p a r a t i o n  i n  terms of f l u c t u a t i o n  coherence  wavelength ,  
which appa ren t ly  should  s t i l l  be of impor tance  b u t  i s  n o t  made c l e a r  by 
QL; and, second, QL seems t o  j u s t i f y  omiss ion  of t h e  c o n d i t i o n  (2 .3 .6 ) .  
DA shou ld  
clv 
With t h i s  i n f o r m a t i o n ,  ( 2 . 4 . 8 )  and 
The one a c t u a l  d i f f e r e n c e  i n  t h e  fo rmulae  i s  t h a t  t h e  FP c o e f f i c i e n t s  
i n c l u d e  an a d d i t i o n a l  ave rag ing  a long  u n p e r t u r b e d  o r b i t s  of t h e  QL coef- 
f i c i e n t s ,  T h i s  w i l l  be unimpor tan t  a s  l o n g  a s  t h e  s t a t i s t i c a l  p r o p e r t i e s  
of t h e  f l u c t u a t i o n s  remain f a i r l y  c o n s t a n t  a long  e a c h  o r b i t ,  
(2 .4 .12 )  
bu t  t h i s  is e q u i v a l e n t  t o  (2 .2 .2 ) ,  and w i l l  be s a t i s f i e d  whenever e i t h e r  
method can be used .  Even i n s o f a r  a s  t h e  r e su l t s  a r e  i d e n t i c a l ,  t h e  QL 
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d e r i v a t i o n  i s  seen  t o  have t h e  advantage t h a t  i t  c l e a r l y  shows an equa- 
t i o n  of g e n e r a l i z e d  d i f f u s i o n  form, (2.4.7), w i t h  c o e f f i c i e n t s  (2.4.8) 
s i m i l a r  t o  (2.3.9) and SO much e z s i e r  t o  c a l c u l a t e  than  (2.3.8). I n  
o r d e r  t o  show t h i s  same form w i t h  t h e  FP formulae one must be c l e v e r  
enough t o  rewrite ( 2 . 3 . 9 ) ,  which i s  a l r e a d y  e x p l i c i t l y  symmetric, a s  t he  
symmetric p a r t  of a nonsymmetric t e n s o r  whose d ive rgence  w i l l  be (2.3.8), 
t h u s  making it  apparent  t h a t  t h e  two terms can be combined. Equa t ions  
(2.4.7) and (2.4.8) w i l l  be b a s i c  to t h e  n e x t  c h a p t e r .  
I 
23 

Chapter 3 
RELATIVISTIC STOCHASTIC ACCELERATION: THE RESULTS 
I .  Terminology 
The r e s u l t s  of Chapter  2 w i l l  now be s p e c i f i c a l l y  a p p l i e d  t o  t h e  
motion of test  p a r t i c l e s  of charge  q and mass m i n  t h e  electromag- 
n e t i c  f i e l d s  of a weakly t u r b u l e n t  plasma. The t r e a t m e n t  is  to  be r e l a -  
t i v i s t i c a l l y  v a l i d ,  so p o s i t i o n  and momentum w i l l  be used  a s  independent 
v a r i a b l e s .  The s p e c i f i c a t i o n  of f i e l d s  i m p l i e s  t h e  c h o i c e  of a c e r t a i n  
frame of o b s e r v a t i o n ;  i f  some o t h e r  frame is  t o  be used ,  t h e  f i e l d s  must 
be Lorentz  t ransformed.  The p h y s i c a l  c o n t e n t  of t h e  resul ts  must n o t  
depend on which r e f e r e n c e  frame is used, even though t h e  d e s c r i p t i o n  of 
t h e  r e s u l t s  may d i f f e r ;  what is seen by one o b s e r v e r  a s  s c a t t e r i n g  may 
appear  t o  a n o t h e r  a s  a c c e l e r a t i o n .  The r e l a t i v i s t i c  c o v a r i a n c e  of t h e  
c a l c u l a t i o n s  w i l l  n o t  be d e s t r o y e d  by t h e  use of  s t a t i s t i c a l  methods a s  
long a s  a l l  averages  a r e  taken  to  be o v e r  ensembles.  
E q u a t i o n s  ( 2 . 2 . 5 )  w i l l  be t h e  components i n  whatever  c o o r d i n a t e  sys-  
t e m  i s  chosen of t h e  f a m i l i a r  v e c t o r  e q u a t i o n s  
+ +  
- =  dx P 
d t  my ’ 
where t h e  t o t a l  momentum a l o n e  de termines  t h e  f u n c t i o n  
W e  w r i t e  
+ +  + + - +  --+ 
E = E  + L S ,  B = B o + A B  
0 
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(3.1.1) 
( 3 . 1 . 2 )  
(3.1.3) 
f o r  the e l e c t r i c  and magnet ic  f i e l d s ,  r e s p e c t i v e l y ,  cor responding  to  t h e  
d i v i s i o n  between G and gp i n  ( 2 . 2 . 5 ) .  The c o n d i t i o n s  ( 2 . 4 . 3 )  a r e  
f u l f i l l e d  if t y p i c a l  magni tudes i n  t h e  chosen frame of r e f e r e n c e  s a t i s f y  
CI 
q A B  T << myc . ( 3 . 1 . 4 )  
C @E TC << P I 
Note t h a t  for  g iven  f i e l d  p r o p e r t i e s  t h e s e  c o n d i t i o n s  a r e  more e a s i l y  
m e t  by the  r e l a t i v i s t i c  p a r t i c l e s  which w i l l  be  o u r  p r i n c i p a l  concern .  
The n o t a t i o n  for  t h e  second-order  c o r r e l a t i o n  f u n c t i o n s  of t h e  f i e l d  
f l u c t u a t i o n s  w i l l  be 
(3.1.5) 
where P and Q s t a n d  s e p a r a t e l y  f o r  e i t h e r  E or  B, and 01 and B 
r e p r e s e n t  any d i r e c t i o n s  i n  space .  The assumption of a s t a t i o n a r y ,  homog- 
eneous process  ( a s  d i s c u s s e d  i n  Chapter  2 ,  S e c t i o n  11) i s  what makes t h i s  
ensemble average independent  of t h e  c o o r d i n a t e s  x and t .  W e  d e f i n e  
spectrum f u n c t i o n s  a s  F o u r i e r  t r a n s f o r m s  of t h e s e  c o r r e l a t i o n  f u n c t i o n s :  
+ 
These t ransform i n t e g r a l s ,  whereever  t h e y  a p p e a r ,  w i l l  always be under-  
s t o o d  t o  have l i m i t s  -00 and +co w i t h o u t  w r i t i n g  them e x p l i c i t l y .  
Whenever a small -ampli tude random-phase approximat ion  is a p p r o p r i a t e  
("smallness  i n  t h e  second s e n s e "  of C h a p t e r  2 ,  S e c t i o n  I ) ,  t h e  Spectrum 
f u n c t i o n s  w i l l  be r e l a t e d  t o  the F o u r i e r  t r a n s f o r m s  of t h e  f i e l d s  them- 
s e l v e s  by 
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-+ 
F a r a d a y ' s  Law s u p p l i e s  a r e l a t i o n  between E and "B which is  
independent  of t h e i r  o r i g i n ;  i n  terms of F o u r i e r  components i t  is  
-+ 4 
From t h i s  would f o l l o w  r e l a t i o n s  among the  v a r i o u s  
used t o  p r e s e n t  a l l  of t h e  a n a l y s i s  i n  terms of e lec t r ic  f i e l d s  a l o n e  ( a t  
the  expense of e x t r a  v e c t o r  a l g e b r a ) ,  b u t  w e  p r e f e r  n o t  t o  do so a t  t h i s  
p o i n t  f o r  two reasons :  W e  wish t o  show which f i e l d  i s  r e s p o n s i b l e  f o r  
e a c h  e f fec t  found,  and w e  wish t o  allow f o r  c o n s i d e r a t i o n  of low-veloc i ty  
modes where it would seem i n a p p r o p r i a t e  to  e x p r e s s  B i n  terms of a much 
Sp& These could be 
+ 
--* 
s m a l l e r  E .  
I I .  F ie ld-Free  Plasma 
+ + 
I n  o r d e r  t o  d i s c u s s  a c t u a l  s o l u t i o n s ,  t h e  f i e l d s  Eo and Bo must 
be s p e c i f i e d ,  and t h e  l o g i c a l  p o i n t  of d e p a r t u r e  i s  
E " 0 ,  
0 
( 3 . 2 . 1 )  
W e  w i l l  b r i e f l y  c o n s i d e r  t h i s  simple c a s e  of an i s o t r o p i c  medium, even 
though no u s e  w i l l  be made of it i n  o u r  a p p l i c a t i o n s .  One r e a s o n  f o r  
t h i s  i s  t o  g i v e  t h e  p r e s e n t a t i o n  some completeness;  a n o t h e r  i s  t h a t  i t  
a l l o w s  u s  t o  i l l u s t r a t e  c e r t a i n  p o i n t s  w i t h o u t  becoming e n t a n g l e d  w i t h  
o thers  which w i l l  appear  l a t e r .  
The unper turbed  orb i t s  i n  t h i s  c a s e  a r e  j u s t  s t r a i g h t  l i n e s ,  
-P -+ -* + 
x ' ( t )  = v t  , p ' ( t )  = m7v = c o n s t a n t  ; ( 3 . 2 . 2 )  
w e  lose no g e n e r a l i t y  by t a k i n g  the i n i t i a l  p o s i t i o n  of t h e  p a r t i c l e  i n  
q u e s t i o n  t o  be t h e  o r i g i n  of c o o r d i n a t e s .  The u s e  of  e i t h e r  s p h e r i c a l  
o r  C a r t e s i a n  c o o r d i n a t e s  would be q u i t e  a p p r o p r i a t e  (even c y l i n d r i c a l  o r  
s t i l l  o t h e r  systems could  be u s e d ) ;  bu t  l e t  us choose C a r t e s i a n .  
t i o n  (3 .1 .1)  i n v o l v e s  o n l y  ( c o n s t a n t )  G l s  and t h e  cor responding  g l s  
Equa- 
P P 
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a r e  zero ,  and ( 3 . 1 . 2 )  h a s  o n l y  g ' s  w i t h  no G I s .  T h i s  c a u s e s  a l l  
s p a t i a l  d e r i v a t i v e s  t o  appear  i n  t h e  c o n v e c t i v e  d i f f e r e n t i a l  o p e r a t o r  
D / D t ,  
P P 
and l e a v e s  d i f f u s i o n  i n  momentum-space o n l y  , 
(F is  to be unders tood  throughout  t h e  
( 3 . 2 . 3 )  
remainder  of t h i s  work a s  a s t a t i s -  
t i c a l  e x p e c t a t i o n  v a l u e ,  though t h e  b r a c k e t s  < > used i n  t h e  p r e v i o u s  
c h a p t e r  w i l l  now be omi t ted .  ) 
The d i f f u s i o n  t e n s o r  i s  found s t r a i g h t f o r w a r d l y  by u s i n g  (2 .4 .8)  , 
( 3 . 1 . 2 ) ,  (3.1.5),  and ( 3 . 2 . 2 ) :  
BE 1 E + -  
C 
(3 .2 .4)  
where a l l  t h e  c o r r e l a t i o n  f u n c t i o n s  have t h e  same arguments 
t h e  s tandard  an t i symmetr ic  u n i t  t e n s o r  E h a s  been u s e d .  T h i s  may 
a l s o  be w r i t t e n  i n  terms of t h e  spectrum f u n c t i o n s  by u s i n g  ( 3 . 1 . 6 ) ;  t h e  
first term, f o r  example , becomes 
G T , T )  and 
aPY 
( 3 . 2 . 5 )  
where 6 (  ) i s  t h e  D i r a c  d e l t a - f u n c t i o n  and P d e n o t e s  Cauchy p r i n c i p a l -  
v a l u e  i n t e g r a t i o n .  By changing t h e  s i g n s  of t h e  dummy v a r i a b l e s  k and 
cu and u s i n g  t h e  symmetry p r o p e r t y  (B.2)  w e  may see t h a t  the d e l t a - f u n c -  
t i o n  c o n t r i b u t e s  o n l y  to  t h e  symmetric p a r t  of t h e  d i f f u s i o n  t e n s o r  and 
t h e  p r i n c i p a l - v a l u e  o n l y  t o  t h e  a n t i s y m m e t r i c  p a r t :  
+ 
1 
2 8  
Y 
( 3 . 2 . 6 )  
+ +  
w i t h  arguments S G , k * v ) ,  and 
( 3 . 2 . 7 )  
w i t h  arguments S(<,,). Thus t h e  d i f f u s i o n  of any p a r t i c l e  is caused 
by waves t r a v e l i n g  a t  o r  n e a r  t h e  v e l o c i t y  of t h a t  p a r t i c l e ;  t h a t  is ,  
t h e  waves must appear  a t  or  n e a r  z e r o  f r e q u e n c y  t o  an o b s e r v e r  moving 
w i t h  t h e  p a r t i c l e .  Equat ion  (B.4) conf i rms  t h a t  Ds and DA a re 
b o t h  r e a l .  
P V  PV 
A s  w e  remarked i n  Chapter  2 ,  a f u r t h e r  s t e p  one would e v e n t u a l l y  
t a k e  i s  t o  c l a s s i f y  t h e  wave modes t h a t  could  b e  p r e s e n t  (which would 
be f a i r l y  s imple  i n  t h i s  c a s e ,  but much worse i n  t h e  f o l l o w i n g  sec t ion)  
and t o  r e l a t e  t h e  energy  of each to  i t s  p a r t i c u l a r  f i e l d  ampl i tudes ,  so  
t h a t  t h e  d i f f u s i o n  t e n s o r  could  be w r i t t e n  e x p l i c i t l y  i n  terms of t h e s e  
wave mode energy d e n s i t i e s .  F o r  t h e  most g e n e r a l  c o n d i t i o n s  a t  t h e  d i s -  
t a n t  boundar ies  t h e  r e s u l t s  would s t i l l  be q u i t e  compl ica ted ,  bu t  i f  t h e s e  
boundary c o n d i t i o n s  a r e  i s o t r o p i c  o r  (more t o  t h e  p o i n t )  i f  t h e y  a r e  ir- 
r e l e v a n t  because t h e  t u r b u l e n c e  is a l o c a l l y  g e n e r a t e d  quas i - s teady  s t a t e ,  
t h e n  t h e  wave s p e c t r a  w i l l  have t h e  same i s o t r o p y  a s  t h e  plasma i t s e l f .  
The same must be t r u e  of t h e  d i f f u s i o n  t e n s o r ,  and i t s  m o s t  g e n e r a l  de- 
pendence upon t h e  momentum would appear  i n  t h i s  c a s e  t o  be of t h e  form 
( 3 . 2 . 8 )  
w i t h  D1 and D2 determined by ( 3 . 2 . 6 )  and D by ( 3 . 2 . 7 ) .  H e r e  t h e  
s t a n d a r d  symmetric u n i t  t e n s o r  (Kronecker symbol) 6 h a s  a l s o  been 
3 
ai3 
i n t r o d u c e d .  
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111. Uniformly Magnetized Plasma 
4 + 
The next s i m p l e s t  c a s e  i s  t h a t  where Eo and Bo a r e  c o n s t a n t  and 
- * - b  
uni form,  but  lsol < \sol and E 'B = 0; t h e  l a t t e r  c o n d i t i o n  i s  o f t e n  
a good approximation,  f o r  a h i g h l y  conduc t ive  plasma cannot  o r d i n a r l y  
suppor t  any s t e a d y ,  l a r g e - s c a l e  e lec t r ic  f i e l d  p a r a l l e l  t o  B . Once t h e  
f i e l d s  a r e  assumed uniform and p e r p e n d i c u l a r ,  t h e  s m a l l e r  of them can 
a l w a y s  be  removed by a L o r e n t z  t r a n s f o r m a t i o n ;  s i n c e  t h e  electric f i e l d  
is  h e r e  being taken s m a l l e r ,  w e  s h a l l  suppose t h a t  w e  have a l r e a d y  chosen 
t h a t  frame of o b s e r v a t i o n  where E = 0. Along w i t h  ( 3 . 1 . 4 ) ,  i t  is now 
a l s o  r e q u i r e d  t h a t  
0 0  
+ 
0 
+ 
0 
AB << Bo f o r  t h e  f o l l o w i n g  a n a l y s i s  t o  be v a l i d .  
I t  i s  n a t u r a l  h e r e  t o  use  e i t h e r  c y l i n d r i c a l  o r  s p h e r i c a l  c o o r d i n a t e s  
-b h 
i n  momentum space ,  w i t h  p o l a r  a x i s  i n  t h e  d i r e c t i o n  of B = B 2 .  Each 
p a r t i c l e  may be c h a r a c t e r i z e d  by a n a t u r a l  gyrof requency  and g y r o r a d i u s ,  
0 0 
R = R / r  = qB /myc , r = vl/a , 
0 0 g 
and i t  w i l l  prove convenient  t o  i n t r o d u c e  complex t r a n s v e r s e  c o o r d i n a t e s  
i n  p o s i t i o n  space ,  such  t h a t  any v e c t o r  A i s  d e f i n e d  t o  have  components 
-b 
A, = Ax f i A  . 
Y 
(Some au thor s  p r e f e r  a d i f f e r e n t  d e f i n i t i o n ;  f o r  f u t h e r  p r o p e r t i e s  see 
Appendix A . )  
a s  
Then the  unpe r tu rbed  o r b i t  of any p a r t i c l e  may be w r i t t e n  
T i ( Q t - f i o )  
x i ( t )  = f i r  e 9 (3.3.1) 
g - 
d ( t )  = v t , ( 3 . 3 . 2 )  II 
o r  
( 3 . 3 . 3 b )  
and 
( 3 . 3 . 4 )  
a l l  q u a n t i t i e s  o t h e r  t h a n  t on the r igh t -hand s i d e s  of t h e s e  e q u a t i o n s  
a r e  c o n s t a n t s  of t h e  motion.  I n  t h i s  s t a n d a r d  n o t a t i o n ,  j6 is  t h e  a z i -  
muthal angle  i n  momentum space  and 0,  t h e  p o l a r  a n g l e ,  i s  a l s o  the  
p i t c h  angle  of t h e  h e l i c a l  p a t h  followed by t h e  p a r t i c l e .  Again, t h e  
assumed u n i f o r m i t y  of f i e l d  p r o p e r t i e s  a l l o w s  US t o  choose t h e  o r i g i n  
of s p a t i a l  c o o r d i n a t e s  a t  t h e  i n i t i a l  p o s i t i o n  of t h e  g u i d i n g  c e n t e r  of 
t h e  p a r t i c l e  i n  q u e s t i o n .  
The c o o r d i n a t e  $ is  r e l a t i v e l y  u n i n t e r e s t i n g ;  it i s  t r u e  t h a t  it 
must be used i n  (3 .3 .1)  i n  order t o  p r o p e r l y  e v a l u a t e  the c o r r e l a t i o n  
f u n c t i o n s ,  bu t  f o r  t h e  purpose of fo l lowing  the momentum-space d i f f u s i o n ,  
t h e  o t h e r  two c o o r d i n a t e s  a r e  more important  i f  times 
b e i n g  c o n s i d e r e d ,  
cussed  a t  g r e a t e r  l e n g t h  by Kennel and Engelmann 
t >> R-' a r e  
Thus i n  a Chew4oldberger-Low t y p e  approximation ( d i s -  
79 ), w e  l i m i t  o u r  a t t e n -  
- 
t i o n  t o  F ,  t h e  phase-independent p a r t  of F .  The lowes t -order  e q u a t i c n  
o b t a i n e d  by a v e r a g i n g  ( 2 . 4 . 7 )  has  the same form, b u t  the  s u b s c r i p t s  now 
range  o n l y  from 1 t o  5, F is rep laced  by F, and D becomes 
- 
PV 
( 3 . 3 . 5 )  
Accompanying t h e  e l i m i n a t i o n  of the c y c l i c  c o o r d i n a t e  $ i s  a d i s -  
i n  f a v o r  of f o l l o w i n g  o n l y  t h e  i n t e r e s t  i n  t h e  f l u c t u a t i n g  p a r t  of 
g u i d i n g  c e n t e r  motion.  T h i s  change must be made, i n  f a c t ,  t o  s a t i s f y  
( 2 . 4 . 5 ) .  
a t  any t i m e  from t h e  t r u e  g u i d i n g  c e n t e r  by more t h a n  a s m a l l  f r a c t i o n  of 
a g y r o r a d i u s )  of t h e  p r o j e c t e d  motion i n  t h e  x-y p l a n e  by u s i n g  o n l y  t h e  
u n p e r t u r b e d  f i e l d  ; 
x+, 
A c t u a l l y ,  w e  d e f i n e  a pseudo-guiding c e n t e r  (which never  d i f f e r s  
x = x + v+/iR . (3.3.6) 
g+ + 
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The equat ion  of  motion f o r  t h i s  v a r i a b l e  i s  
1 dp+ g + = L  + - -  
dx 
d t  my ’+ i R  d t  ( 3 . 3 . 7 a )  
v I1 V 
( 3 , 3 . 7 b )  - -  C AE + J A B +  - r A B Z  + ,  
+ Bo 0 iBo  
and for t h e  o t h e r s  w e  have 
dz  
d t  = 
- (3 .3.8)  
and 
i R  - -  d p l  - g C I E t + - p  AB 
d t  Bo II e ’ 
or 
(3 .3 .9)  
(3.3.10) 
= q ( s i n  e A E ~  + cos e m z )  , (3.3.11) d t  
Here a b b r e v i a t i o n s  have  been i n t r o d u c e d  f o r  the q u a n t i t i e s  
( 3 . 3 . 1 2 )  
Y 
(3.3.13) 
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I t  may be remarked h e r e  t h a t  both p a r t s  of ( 3 . 3 . 7 )  serve a purpose;  
( 3 . 3 . 7 a )  a s s u r e s  t h a t  (a/& )(dx  / d t )  = 0, but s i n c e  i t  i n v o l v e s  t h e  
c o o r d i n a t e  jd i t  cailnot be gsed  2s a G [ a s  can (3 .3 .8 ) j  t o  p u t  a l l  
s p a t i a l  v a r i a t i o n  i n t o  t h e  convec t ive  d e r i v a t i v e  D F / D t .  R a t h e r ,  ( 3 . 3 . 7 b )  
must be used a s  a g t o  c a l c u l a t e  a p o s i t i o n  s p a c e  d i f f u s i o n .  Then 
e q u a t i o n  ( 2 . 4 . 7 )  t a k e s  t h e  form 
g+ g+ 
P 
P 
( 3 . 3 . 1 4 )  
w i t h  p and v now enumerat ing only  t h e  f o u r  v a r i a b l e s  x and x 
g 
g+ g- 
x 
I t  may be seen  from ( 3 . 3 . 7 b )  and ( 3 . 3 . 9 )  th rough (3.3.13) t h a t  t h e  
c a l c u l a t i o n  of t h e  d i f f u s i o n  c o e f f i c i e n t s  of ( 3 . 3 . 1 4 )  involves  i n  e v e r y  
and yg) and pI and PI1 (or p and e ) .  
c a s e  one of a c e r t a i n  f a m i l y  o f  i n t e g r a l s  which a r e  e v a l u a t e d  i n  Appendix 
C ,  s o  t h a t  w e  have o n l y  t o  put  i n  p r o p e r  v a l u e s  f o r  s u b s c r i p t s ,  parameters ,  
2nd m u l t i p l i c a t i v e  c o n s t a n t s  t o  o b t a i n  complete formulae  f o r  D . Con- 
s i d e r  f i r s t  t h e  momentum-space d i f f u s i o n  a l o n e  ( t h e  s p a t i a l  d i f f u s i o n  w i l l  
b e  t a k e n  up i n  S e c t i o n  V I I ) ,  This  depends on t h e  t h r e e  f i e l d  combinat ions 
- 
PV 
and A B  and so on  the n i n e  q u a n t i t i e s  
L E z #  LEt  8' 
n 
(3.3.15) 
-2irp SEE + SEE]} -- rtt = 4 q 2 / d 3 k / d o ,  1 {2J:+, SEE +- + J n-1 J n + l  [e ++ - 
n 
&(k, ,v , ,  + n n  - a) , ( 3 . 3 . 1 6 )  
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- - r = r  = o ,  
z t  t z  
(3.3.18) 
(3.3.19) 
r 1 
( 3 . 3 . 2 0 )  
The same arguments apply  t o  t h e  Bessel and spec t rum f u n c t i o n s  throughout ,  
and cp i s  t h e  az imutha l  a n g l e  i n  k-space.  
S t r a i g h t f o r w a r d  u s e  of e i t h e r  t h e  c y l i n d r i c a l  o r  t h e  s p h e r i c a l  co- - 
o r d i n a t e  s y s t e m  g i v e s  t w o  sets of f o u r  D ' s  which a r e  l i n e a r  combina- 
t i o n s  of t h e  r ' s .  These a r e  e x h i b i t e d  i n  Appendix D;  u n f o r t u n a t e l y ,  
they do  not  make t h e  p h y s i c a l  meaning of t h e  p r o c e s s  v e r y  c l e a r .  But 
by a l lowing  s imul taneous  u s e  of b o t h  c o o r d i n a t e  s y s t e m s ,  w e  f i n d  t h a t  
when e v e r y t h i n g  i s  w r i t t e n  o u t  t h e  r e l a t i o n s  
PV 
P V  
and 
a a 
+ p I I  a,ll si  = aPl - 
a 
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(3 .3.21a)  
( 3 . 3 . 2 1 b )  
may be used t o  manipula te  t h e  r e s u l t  i n t o  t h e  very  s u g g e s t i v e  form 
( 3 . 3 . 2 2 )  
Here each  p a r t i a l  d e r i v a t i v e  r e t a i n s  t h e  meaning i t  would normally have 
i n  t h e  s t a n d a r d  c o o r d i n a t e  systems. T h i s  is t h e  same i n  some r e s p e c t s  
a s  i f  8 were f o r m a l l y  an independent c o o r d i n a t e  a long  w i t h  p and 1 
w i t h  ‘i; p l a y i n g  t h e  role of a d i f f u s i o n  t enso r  i n  t h i s  a r t i f i -  p I I  ’ P V  
c i a l l y  three-dimensional  momentum s p a c e ,  and makes i t  c l e a r e r  t h a n  would 
( 3 . 3 . 9 ) - ( 3 . 3 . 1 2 )  t h a t  t h e  t h r e e  f i e l d s  
bound t o  producing changes i n  p i , ,  pi, and 8,  r e s p e c t i v e l y .  
z, AEt, and AB a r e  u n i q u e l y  AE e 
I1 
Again, a s  i n  S e c t i o n  11 ,  w e  may remark t h a t  t h i s  s o l u t i o n  w i l l  i n  
g e n e r a l  depend on boundary c o n d i t i o n s .  But i f  t h e  f l u c t u a t i o n  spectrum 
i s  l o c a l l y  g e n e r a t e d ,  i t s  s t a t i s t i c a l  p r o p e r t i e s  w i l l  have t h e  same gyro- 
t r o p i c  symmetry a s  t h e  background plasma; t h e  consequences of t h i s  a r e  
g i v e n  i n  Appendix B.  A l l  i n t e g r a t i o n s  o v e r  t h e  az imutha l  a n g l e  i n  
k-space may then be c a r r i e d  o u t  on t h e  b a s i s  of t h i s  symmetry a l o n e ;  i n  
t h e  p a r t i c u l a r  c a s e  of ( 3 . 3 . 1 5 ) - (  3 . 3 . 2 0 ) ,  t h i s  does n o t  i n  i t s e l f  cause  
a n y  terms t o  v a n i s h .  
IV. P a r a l l e l  and C y c l o t r o n  A c c e l e r a t i o n  
The n e x t  t h r e e  s e c t i o n s  a r e  devoted t o  t h e  e l u c i d a t i o n  of t h e  re- 
su l t s  i n  S e c t i o n  I11  by t h e  s tudy  of s e v e r a l  s p e c i a l  l i m i t s .  A s  t h e  f i rs t  
c a s e ,  l e t  u s  c o n s i d e r  t h e  e f f e c t  of f l u c t u a t i n g  e lec t r ic  f i e l d s  a l o n e  a s  
35 
was done i n  SA.  Then and a r e  t h e  nonvanishing q u a n t i t i e s  
whose meaning is to  be i n t e r p r e t e d .  F i r s t  of a l l ,  a c o n s t a n t  o r  asymp- 
t o t i c  s o l u t i o n  F independent  of and PI1 cannot  be al lowed i n  t h e  
g l o b a l  sense because i t  is n o t  n o r m a l i z a b l e .  The n e x t  b e s t  way t o  under-  
s t a n d  t h e  c h a r a c t e r i s t i c s  of t h e s e  terms is t o  i n q u i r e  i n t o  t h e  e x i s t e n c e  
of a s e l f - s i m i l a r  s o l u t i o n .  If and a r e  c o n s t a n t ,  t h e  problem 
r e d u c e s  t o  a s imple  d i f f u s i o n  e q u a t i o n  and t h e r e  is indeed such  a s o l u -  
t i o n ,  
zz tt  
- 
zz t t  
2 
911 
4F t 
zz 
21 2 * 
4Ft t 
( 3 . 4 . 1 )  
T h i s  h a s  t h e  appearance of a Maxwellian d i s t r i b u t i o n  f o r  which t h e  t e m -  
p e r a t u r e  is i n c r e a s i n g  l i n e a r l y  w i t h  time, but  of c o u r s e  i t  i s  a c t u a l l y  
c u t  off much more s t r o n g l y  t h a n  a t r u e  Maxwellian a t  h i g h  e n e r g i e s ,  be- - 
-WZ 
c a u s e  f o r  r e l a t i v i s t i c  p a r t i c l e  of energy  W = ymc2 t h i s  v a r i e s  a s  e 
-W 
r a t h e r  than e . We may a l r e a d y  conclude  from t h i s  t h a t  ( a )  it is p e r -  
f e c t l y  normal t h a t  t h e  p a r t i c l e s  r e c e i v e  a n e t  flow of energy  from t h e  
f i e l d  f l u c t u a t i o n s ,  but  ( b )  t h i s  can be of i n t e r e s t  f o r  g e n e r a t i n g  r e l a -  
t i v i s t i c  p a r t i c l e s  o n l y  i f  t h e r e  is some way of making t h e  e f f e c t i v e  
v a l u e  of r i n c r e a s e  w i t h  energy .  
Suppose n e x t  t h a t  a spectrum is  c o n s i d e r e d  f o r  which the  wave num- 
bers of t h e  most impor tan t  waves s a t i s f y  k r << 1 f o r  t h e  p a r t i c l e s  
of i n t e r e s t .  Then t h e  predominant p a r t  of t h e  c o e f f i c i e n t s  w i l l  be 
l g  
and 
+ -  f i q 2 j  d3k S E E ( z , k  v - l2) . 
t t  2 +- I I I I  
( 3 . 4 . 2 )  
( 3 . 4 . 3 )  
I n  t h i s  l i m i t  t h e r e  a r e  c l e a r l y  two independent  e f f e c t s :  a c c e l e r a t i o n  
by t h e  e l ec t r i c  f i e l d s  p a r a l l e l  t o  B a t  z e r o  f requency  ( a s  seen  by 
an o b s e r v e r  moving w i t h  t h e  p a r t i c i e ) ,  and a c c e l e r z t i c n  by t h e  t r a n s -  
verse f i e l d s  a t  c y c l o t r o n  resonance.  The second of t h e s e  p r o c e s s e s  has  
a d i s t i n c t  advantage o v e r  t h e  f i r s t  f o r  t h e  a c c e l e r a t i o n  of r e l a t i v i s t i c  
p a r t i c l e s ,  f o r  depends mainly upon p i t c h  angle  whereas t h e  v a r i a -  
t i o n  of R w i t h  energy can cause  
i s  q u i t e  r e a s o n a b l e  by i n f e r e n c e  from t u r b u l e n c e  i n  o r d i n a r y  f l u i d s ,  w e  
should  have a spectrum f u n c t i o n  which d e c r e a s e s  toward h i g h e r  f r e q u e n c i e s .  
On t h e  o t h e r  hand, t h e  s imultaneous smal l -gyroradius  and = - r e l a t i v i s t i c  
l i m i t  makes 
of SA, t h e  consequences of which have a l r e a d y  been d i s c u s s e d  t h e r e .  
+ 
0 
- Z Z  
t o  i n c r e a s e  w i t h  energy  i f ,  a s  r t t  
- 
independent of p t h e n  w e  recover ( 2 . 2 6 )  and ( 3 . 2 0 )  r t t  1; 
F o r  a g iven  wave spectrum with i t s  maximum impor tan t  kl, t h e r e  i s  
(assuming r e l a t i v i s t i c  p a r t i c l e s  aga in  now) a c h a r a c t e r i s t i c  p a r t i c l e  
energy  
qBO 
kl 
W(kl) = - ( 3 . 4 . 4 )  
above which k r > 1. W e  suggest  t h a t  t h i s  w i l l  superimpose more o r  
less of a c u t o f f  on t h e  I? t h a t  t h e  wave spectrum would o t h e r w i s e  g i v e  
above t h i s  energy .  To see t h i s  c o n s i d e r  t h e  i d e n t i t y  
1 g - Y  - 
c J3x) = ’ ( 3 . 4 . 5 )  
n 
which s t a t e s  t h a t  a c o n s t a n t  t o t a l  weight  of u n i t y  is b e i n g  a s s i g n e d  by 
t h e  summation i n  ( 3 . 3 . 1 5 )  or t h e  f i r s t  t e r m  of (3.3.16) r e g a r d l e s s  of 
the s i z e  of k r but  r e d i s t r i b u t e d  t o  d i f f e r e n t  p a r t s  of t h e  spectrum. 
I n  t h e  most u s u a l  c i rcumstance  of a spectrum which f a l l s  o f f  i n  f r e q u e n c y ,  
t h i s  t r a n s f e r  of weight  from lower t o  h i g h e r  harmonics w i l l  d e c r e a s e  
even  though t h e  t o t a l  f requency r a n g e  b e i n g  spanned by t h e  l a r g e r  number 
of harmonics may remain about t h e  same i n  t h e  r e l a t i v i s t i c  c a s e .  
1 g’  
- r 
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We may also use 
(3.4.6) 
n 
in the same way to suggest that the terms in which this combination of 
Bessel functions appears will never attain much relative importance for 
any value of k r except as a result of some unusual or peculiar form 1 g’  
for the spectra. This increases the probability that insighto gained 
from consideration of the small-gyroradius limit will remain more or less 
generally true. 
This is an appropriate place to comment on the connection of our 
work to that of Puri. 65 
investigate fluctuations in the time domain alone; that is, in the strong 
limit where both k r << 1 and k vTc << 1. This simplifies the anal- 
ysis in that the departure of a particle from its original orbit does not 
alter the field strength acting upon it. In our notation one could write 
He has used a different mathematical method to 
l g  I1 
and immediately perform all k-integrations to obtain 
(3.4.8) 
etc. But Puri has been able to show, under appropriate assumptions about 
statistical properties, that such formulae can remain valid for arbitrary 
field amplitudes. 
38 
V .  Magnetic S c a t t e r i n g  
The second s p e c i a l  case of momentum s p a c e  d i f f u s i o n  i s  complementary 
72 t o  t h e  f i r s t .  As was p o i n t e d  o u t  e l sewhere ,  F a r a d a y ' s  Law may be w e d  
t o  write t h e  r a t i o  of magnet ic  and e l e c t r i c  f o r c e s  from a Four ie r -ana lyzed  
d i s t u r b a n c e  a s  
( 3 . 5 . 1 )  
T h i s  i n d i c a t e s  t h a t  t h e  e lec t r ic  aspec t  of t h e  wave i s  more impor tan t  f o r  
a l l  p u r e l y  l o n g i t u d i n a l  waves and f o r  a l l  t r a n s v e r s e  waves w i t h  phase 
v e l o c i t y  (w/k) >> v ,  so  t h a t  t h e  approximation of t h e  prev ious  s e c t i o n  
would be a p p r o p r i a t e .  But t h e  magnetic f i e l d  w i l l  be more impor tan t  f o r  
most t r a n s v e r s e  waves w i t h  
s e c t i o n  may be a p p l i e d  t o  f i n d  t h e i r  e f f e c t .  Hydromagnetic waves a c t i n g  
upon r e l a t i v i s t i c  p a r t i c l e s  would be an example of t h i s  c a s e .  (The c r i -  
t e r i o n  a s  roughly  d e s c r i b e d  h e r e  would depend on the frame of o b s e r v a t i o n  
b e i n g  u s e d ;  d i s c u s s i o n  of t h i s  po in t  is g iven  i n  an unpubl ished r e p o r t . 7 6 )  
A p u r e l y  magnet ic  f i e l d  cannot change t h e  energy  of a p a r t i c l e  so t h e  
(o/k)  << v,  and t h e  t r e a t m e n t  of t h e  p r e s e n t  
e f f e c t  of magnet ic  f l u c t u a t i o n s  a lone ,  when t h e i r  a s s o c i a t e d  e l e c t r i c  i n -  
d u c t i o n  f i e l d s  may be n e g l e c t e d ,  is l i m i t e d  t o  t h e  s c a t t e r i n g  i n  p i t c h  
a n g l e  d e s c r i b e d  by ( 3 . 3 . 1 7 ) .  
i t s  s imple  form f o r  k r << 1 is 
This  t o o  i s  a cyc lo t ron- resonance  e f f e c t  ; 
l g  
( 3 . 5 . 2 )  
J u s t  a s  w i t h  t h e  c y c l o t r o n  a c c e l e r a t i o n ,  a higher-energy r e l a t i v i s t i c  
p a r t i c l e  can r e s o n a t e  w i t h  a lower-frequency (and so l i k e l y  s t r o n g e r )  wave, 
T h i s  may p a r t i a l l y  or  whol ly  o f f s e t  t h e  e x p l i c i t  f a c t o r  
hance t h e  l i k e l i h o o d  t h a t  t h i s  magnet ic  s c a t t e r i n g  w i l l  become r e l a t i v e l y  
more i m p o r t a n t ,  a s  p a r t i c l e  energy i s  i n c r e a s e d ,  t h a n  Coulomb s c a t t e r i n g  
from i n d i v i d u a l  background p a r t i c l e s .  
-2 
0' - 7 and en- 
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To be more s p e c i f i c ,  magnet ic  f l u c t u a t i o n s  of t y p i c a l  r e l a t i v e  ampli-  
-n 
tude 6 = aB/B coherence t i m e  TC, and spectrum f a l l i n g  o f f  a s  LU 
above T w i l l  c a u s e  s c a t t e r i n g  through an a n g l e  of o r d e r  u n i t y  i n  a 
time 
0’ -1 
C 
2 --1 
T ~ - P  r
2 2  ” 6 0 TC 
(3.5.3) 
F o r  comparison, t h e  t i m e  for s u b s t a n t i a l  d e f l e c t i o n  b y  Coulomb s c a t t e r -  
ing,80 w i t h  account  t a k e n  of t h e  r e l a t i v i s t i c  c o r r e c t i o n  t o  t h e  Ruther ford  
cross s e c t i o n ,  i s  about  
2 3 3 2  
N m c p y  
TCou 
l 6 m  2 2  qono I n  A 9 
(3.5.4) 
and I n  A p e r t a i n  t o  
qO 
where f3 = v/c and t h e  d e n s i t y  n charge  
0’ 
t h e  background plasma.  Magnetic s c a t t e r i n g  w i l l  be  t h e  more impor tan t  
p r o c e s s  i f  
(3.5.5) 
If w e  suppose t h e  background p a r t i c l e s  t o  be s i n g l y  charged ,  and I n  A 20,  
t h i s  becomes 
(3.5.6) 
I 
I or  f o r  s u f f i c i e n t l y  r e l a t i v i s t i c  p a r t i c l e s  
(3.5.7) 
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T h i s  l a s t  c o n d i t i o n  would be s a t i s f i e d  v i r t u a l l y  anywhere, and r e p -  
r e s e n t s  such an extreme a s  t o  be u n i n t e r e s t i n g ,  F o r  a p r a c t i c a l  test 
one must use  (3.5.6); t h i s  e q u a t i o n  may be i n t e r p r e t e d  g r a p h i c a l l y  a s  i n  
F i g .  2 ,  which i s  drawn f o r  the c a s e  n = 2 .  I n  a p a r t i c u l a r  p h y s i c a l  
problem i n v o l v i n g  a p a r t i c u l a r  species one g e n e r a l l y  knows m ,  n and 
B (and t h u s  Qo = qBo/mc), so t h e , s c a l e s  a r e  determined fo r  a l l  three 
v a r i a b l e s ,  6 ,  TC, and ( k i n e t i c )  energy E = W - m c  = (7-l)mc . For 
g iven  v a l u e s  of 6 and TC, t h e  graph t h e n  d e t e r m i n e s  a minimum energy 
above which magnet ic  s c a t t e r i n g  may be impor tan t ,  b u t  below which it g i v e s  
way t o  Coulomb s c a t t e r i n g ,  Conversely,  g iven  some e n e r g y  E and t i m e  
T t h e  graph  de termines  a minimum ampl i tude  6 above which magnetic 
s c a t t e r i n g  dominates  f o r  p a r t i c l e s  of t h i s  energy;  o r ,  g iven  v a l u e s  of 
6 and E ,  one may f i n d  what va lues  of TC, i f  any, w i l l  accomplish 
t h i s .  
0' 
2 2 0 
C '  
Consider  t h e  example of s c a t t e r i n g  of e n e r g e t i c  p r o t o n s  i n  t h e  i n t e r -  
s t a l l a r  medium. T h i s  is impor tan t  to the i s o t r o p y  of cosmic r a y s  a s  w e l l  
38,39 
a s  t o  some a t t e m p t s  t o  e x p l a i n  t h e i r  a c c e l e r a t i o n  (Fermi t r a p s  >. 
-3 -6 
Using n - 1 c m  and B - 5 X 10 g a u s s ,  t h e  approximate l o c a t i o n s  
of 6 = 1 ( l i n e  P )  and Tc = 1 s e c  ( l i n e  Q )  a r e  found.  W e  a l s o  n o t e  
a t  t h e  t o p  the t i m e  s c a l e s  g i v e n  by the background s e l f - c o l l i s i o n  fre- 
0 0 
I 
-1 4 quency, Y - 10 sec, and by t h e  t r a n s i t  t i m e  of hydromagnetic waves 
aver t h e  s c a l e  of t h e  knowr. inhomogeneity r e p r e s e n t e d  by t h e  H I1 " c l o u d s , f f  
L/VA - 1 l i g h t y e a r / l O  c - 1 0  sec. Then t a k e  f o r  i l l u s t r a t i o n  t h e  
= 10" sec rr 300 y r .  p o i n t  R, f o r  which 6 = 10 and Tc 
f l u c t u a t i o n s  a r e  p r e s e n t ,  t h e y  w i l l  s c a t t e r  p r o t o n s  more s t r o n g l y  t h a n  
w i l l  Coulomb c o l l i s i o n s  f o r  a l l  e n e r g i e s  above 1 MeV, and a s c a t t e r i n g  
-4.5 1 2  
-1 If such 
4 
sec - 10 y r  w i l l  apply  up to a maximum energy of about  11.7 t i m e  TB - 10 
e V ,  i . e . ,  e s s e n t i a l l y  f o r  a l l  cosmic r a y s .  S i m i l a r l y ,  r e a s o n a b l e  
p a r a m e t e r s  can l e a d  t o  t h e  e x p e c t a t i o n  of magnet ic  s c a t t e r i n g  on an i n -  
t e r e s t i n g  scale f o r  e l e c t r o n s  p a r t i c i p a t i n g  i n  Type I V  s o l a r  r a d i o  b u r s t s ,  
f o r  " s o l a r  cosmic r a y s f f  i n  t h e  i n t e r p l a n e t a r y  medium, o r  f o r  e n e r g e t i c  
P a r t i c l e s  i n  d i s t a n t  o b j e c t s  such  a s  supernova remnants ,  r a d i o  g a l a x i e s ,  
and q u a s a r s .  W e  s h a l l  c o n s i d e r  i n  succeeding  c h a p t e r s  what e f f e c t  t h i s  
may have,  i n  combinat ion w i t h  o t h e r  p r o c e s s e s ,  i n  de te rmining  n a t u r a l  
e n e r g e t i c - p a r t i c l e  s p e c t r a .  
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F I G .  2 .  THE FUNCTION OF EQUATION (3.5.6). 
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One c a s e  among those  mentioned t h a t  has  a l r e a d y  a t t r a c t e d  e x t e n s i v e  
s t u d y  i s  t h a t  of t he  i n t e r p l a n e t a r y  medium. The impor tance  of magnet ic  
s c a t t e r i n g  i n  t h e  d i f f u s i v e  p ropaga t ion  o f  e n e r g e t i c  p a r t i c l e s  th rough 
t h e  s o l a r  wind has  been recognized  f o r  some t i m e ,  and t h i s  c a s e  i s  a l s o  
e x c e p t i o n a l  i n  t h a t  space  probe t echn iques  o f f e r  the p o s s i b i l i t y  of d i rec t  
o b s e r v a t i o n  of bo th  p a r t i c l e s  and f ie lds .  Coleman h a s  r e c e n t l y  r e p o r t e d  
a s t u d y  of such  measurements on t h e  magnet ic  f i e l d  by Mariner  2 .  These 
show a power spectrum of magnet ic  f l u c t u a t i o n s  va ry ing  w i t h  f requency  
82 
ove r  t h e  measured range  
r e p r e s e n t e d  rough ly  by SBB rr, CD , w i t h  n 1 f o r  t h e  low and medium 
1 . 5  min < (2fi/cu) < 8 h r  i n  a way t h a t  may be 
-n 
f r e q u e n c i e s  i n  t h i s  range bu t  i n c r e a s i n g  t o  perhaps  n - 2 f o r  t h e  h i g h e r  
f r e q u e n c i e s ,  83 
surements  t o  b u i l d  a more d e t a i l e d  p i c t u r e  of t h e  e n e r g e t i c - p a r t i c l e  propa- 
g a t i o n  has  l e d  t o  t h e  rep lacement  of P a r k e r ' s  s imp le  model of a s i n g l e  
s c a t t e r i n g  by t h e  more g e n e r a l  t r ea tmen t  of J o k i p i i .  85 When d i f f e r e n c e s  
i n  n o t a t i o n  a r e  removed, t h e  l a t t e r ' s  r e s u l t s  a r e  e q u i v a l e n t  t o  t h o s e  t h a t  
would be o b t a i n e d  from o u r  more g e n e r a l  t h e o r y  i n  t h e  l i m i t  of a ze ro - f r e -  
quency spectrum, 
On t h e  t h e o r e t i c a l  s i d e ,  t h e  p r o s p e c t  of u s i n g  t h e s e  mea- 
84 
( 3 . 5 . 8 )  
W e  conc lude  t h i s  s e c t i o n  by p o i n t i n g  o u t  t h a t ,  i n s o f a r  a s  t h e  i d e a l -  
i z a t i o n  of p u r e l y  magnet ic  f l u c t u a t i o n s  i s  r e a l i z e d ,  t h e  s c a t t e r i n g  t h e y  
cause  must be i s o t r o p i c .  
t o  
T h i s  i s  a consequence o n l y  of r educ ing  ( 3 . 3 . 2 2 )  
- -  aF 1 [sin 0 i=ee E] , at - p2 s i n  8 
w i t h  no o t h e r  requi rement  be ing  made of e x c e p t  t h a t  00 
( 3 . 5 . 9 )  
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a t  t h e  l i m i t s  0 = 0, JI. The proof  c o n s i s t s  of d e f i n i n g  t h e  q u a n t i t i e s  
and then computing 
( 3 . 5  . l o )  
( 3 . 5 . 1 1 )  
( 3 . 5 . 1 2 )  
S i n c e  is p o s i t i v e  [remember t h a t  i t  i s  j u s t  twice t h e  Fokker-Planck 
c o e f f i c i e n t  < (Ae)2/At > 1 ,  I (p ,  t )  must be monotonica l ly  d e c r e a s i n g  
( p o s s i b l y  a t  a d i f f e r e n t  r a t e  f o r  d i f f e r e n t  
I 0 cor responding  t o  &/& = 0. Thus t h e  o n l y  well-behaved asymp- 
t o t i c  s o l u t i o n  under t h e  i n f l u e n c e  of t h i s  p r o c e s s  a l o n e  is t h a t  f o r  
which the  d i s t r i b u t i o n  f u n c t i o n  becomes i s o t r o p i c  i n  momentum s p a c e .  
T h i s  s t a t e m e n t  i s  s l i g h t l y  s t r o n g e r  and more a c c u r a t e  t h a n  t h e  b r i e f  
converse  argument used by J o k i p i i , ”  who n o t e d  t h a t  
- a s t a t i o n a r y  s o l u t i o n  and concluded t h a t  t h i s  r e q u i r e s  t h e  t w o  Fokker- 
P lanck  terms t o  combine i n t o  t h e  form (3 .5 .9 ) .  
ee 
p )  toward t h e  lower bound 
aF/& = 0 d e s c r i b e s  
V I .  Magnetic Pumping 
W e  g i v e  now an example i n  which t h e  magnet ic  and e l ec t r i c  a s p e c t s  
of a p a r t i c u l a r  t y p e  of  wave a r e  b o t h  t a k e n  i n t o  account  t o g e t h e r ;  some 
of t h e  i d e a s  i n  t h i s  s e c t i o n  have been p u b l i s h e d  i n  br ief-communicat ion 
form. The concept  of magnet ic  pumping i s  s i m p l e  and f a m i l i a r  t o  many 
Plasma p h y s i c i s t s ;  a s  a p r a c t i c a l  means of h e a t i n g  p a r t i c l e s ,  i t  is 
86 
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g e n e r a l l y  p r e s e n t e d  i n  terms of a coherent  a p p l i e d  magnet ic  f i e l d  whose 
energy may be absorbed because of a f i n i t e  c o l l i s i o n  f requency .  Here 
w e  u s e  t h e  term " s t o c h a s t i c  magnet ic  pumping" t o  d i s c u s s  s i t u a t i o n s  where 
t h e  f requency  of c o l l i s i o n s  between p a r t i c l e s  i s  v e r y  smal l  bu t  where 
energy may s t i l l  be t r a n s f e r r e d  from pumping-type f i e l d s  t o  p a r t i c l e s  
because t h e s e  a r e  taken  t o  be t h e  random f i e l d s  a s s o c i a t e d  w i t h  t h e  t u r -  
bulence spectrum of a nonthermal plasma. Small  but  f i n i t e  g y r o r a d i i  
must be used t o  f i n d  t h i s  e f f e c t ,  and t h e  method d i f f e r s  from t h a t  of 
t h e  p r e c e d i n g  s e c t i o n s  i n  t h a t  t h e  model pumping waves used cannot  be 
analyzed i n t o  s t a t i s t i c a l l y  independent p l a n e  waves. Thus t h e  i n t e r -  
a c t i o n  of p a r t i c l e s  w i t h  low-frequency t r a n s v e r s e  f i e l d s  which w i l l  be 
found h e r e  is  n o t  i n  c o n t r a d i c t i o n  t o  t h e  comments f o l l o w i n g  ( 3 . 4 . 3 ) ,  
which apply  t o  p l a n e  waves. 
87 
Consider  a spectrum of magnet ic  compressional  waves f o r  which t h e  
convergence of f i e l d  l i n e s  i s  more important  t h a n  t h e i r  c u r v a t u r e ,  and 
which a r e  i d e a l i z e d  i n  c y l i n d r i c a l  geometry so t h a t  t h e y  resemble moving 
magnet ic  m i r r o r s .  Then a T a y l o r  expansion of t h e  change i n  l o n g i t u d i n a l  
magnet ic  f i e l d  ( t h e  Itamount of squeezing")  about t h e  symmetry a x i s  con- 
t a i n s  o n l y  even powers of t h e  r a d i u s :  
... ( 3 . 6 . 1 )  
The use of low-order terms i n  t h i s  series w i l l  g i v e  a " p a r a x i a l "  approxi-  
m a t i o n .  The cor responding  expansion f o r  t h e  t r a n s v e r s e  magnet ic  f i e l d  
w i l l  have odd powers of t h e  r a d i u s ,  and by r e q u i r i n g  t h e  f i e l d  t o  have 
z e r o  d i v e r g e n c e  w e  can e a s i l y  r e l a t e  i t  to  t h e  l o n g i t u d i n a l  f i e l d :  
L ikewise ,  t h e  t r a n s v e r s e  e lec t r ic  f i e l d  can be found from F a r a d a y ' s  Law 
t o  be 
45 
But t h e  l o n g i t u d i n a l  e l e c t r i c  f i e l d  i s  undetermined--it  depends upon 
what c u r r e n t s  may be f lowing  a long  t h e  magnet ic  f i e l d  l ines- -so  w e  s h a l l  
l e a v e  i t  a s  an independent q u a n t i t y  for  t h e  moment and l a t e r  d i s c u s s  
what i t s  n a t u r e  i s  l i k e l y  t o  be. But w e  do  suppose i t  to  be expanded 
i n  powers of t h e  r a d i u s  a s  was done i n  ( 3 . 6 . 1 ) .  
For p a r t i c l e s  moving n e a r  t h e  a x i s  of t h e  f i e l d s  j u s t  d e s c r i b e d ,  
t h e  lowes t -order  p a r t  ( i n  g y r o r a d i u s )  of ( 3 . 3 . 9 )  and (3.3.10) w i l l  be 
0 
z o  9 = q E z o ( z , t )  -  
d t  2myB 
0 
( 3 . 6 . 4 )  
(3 .6 .5)  
When t h e  F o u r i e r  t r ans fo rms  a r e  used ,  t h e  d e r i v a t i v e s  a c t i n g  on  
w i l l  be r ep laced  by m u l t i p l i c a t i v e  fac tors ,  and t h e  spec t rum f u n c t i o n s  
w i l l  be e v a l u a t e d  a t  w = k v . But ( 3 . 6 . 4 )  w i l l  have  t h e  f a c t o r  
BZO 
II II 
which w i l l  c ause  i t s  c o n t r i b u t i o n s  t o  van i sh - - tha t  i s ,  w e  - k l l V I 1 ’  
have i n  the  f i r s t  o r d e r  t h e  expec ted  r e s u l t  t h a t  
2 
p = -  
2mBz 
is  an a d i a b a t i c  i n v a r i a n t .  Thus (3 .3 .22 )  r e d u c e s  i n  t h i s  c a s e  to 
w i t h  
(3 .6 .6)  
(3 .6 .7)  
(3 .6 .8 )  
46  
r 
( 3 . 6 . 9 )  
( 3 . 6 . 1 0 )  
Suppose f irst  t h a t  E i s  z e r o  so t h a t  o n l y  rl need be c o n s i d e r e d .  z 
Then t h e  a c t i o n  of  t h e  magnet ic  f i e l d  g r a d i e n t  of t h e s e  waves upon t h e  
magnet ic  moment of t h e  p a r t i c l e s  can r e s u l t  i n  a s t o c h a s t i c  a c c e l e r a t i o n  
p a r a l l e l  t o  B much the same  a s  f o r  l o n g i t u d i n a l  e l ec t r i c  f i e l d s ,  bu t  
w i t h  a d i f f e r e n t  e f f i c i e n c y  a s  a f u n c t i o n  of wavelength.  The f a c t o r  y 
i n c r e a s e s ,  o p p o s i t e  t o  what would be needed makes I' d e c r e a s e  a s  
t o  make t h i s  seem impor tan t  fo r  t h e  a c c e l e r a t i o n  of r e l a t i v i s t i c  p a r t i -  
cles. We might imagine 
process--some o t h e r  waves, f o r  instance--so t h a t  1 could  be i n c r e a s i n g  
i n  p r o p o r t i o n  t o  y i n s t e a d  of remaining c o n s t a n t ,  and w e  c o u l d  have 
r - y . But t h i s  s t i l l  h a s  t h e  drawback of low o v e r - a i l  e f f i c i e n c y  
(compared t o  low-energy p a r t i c l e s  s u b j e c t  t o  t h e  same waves) because t h e  
Alfven speed VA 
a f r a c t i o n  of o r d e r  VA/c  
p a r t i c l e s  would be a b l e  t o  s a t i s f y  the c o n d i t i o n  
w i t h  t h e s e  waves. 
0 -2 
p l l  1 
pI k e p t  comparable to p w i t h  a s c a t t e r i n g  I1 
2 
2 
is  u s u a l l y  much s m a l l e r  t h a n  t h a t  of l i g h t ,  and o n l y  
of an i s o t r o p i c  d i s t r i b u t i o n  of r e l a t i v i s t i c  - V, and i n t e r a c t  
n 
The waves cons idered  h e r e  s u g g e s t  s connect ion  w i t h  some r e c e n t  
work of Barnes" and Tidman.89 Barnes used the  method of SA t o  f i n d  
an a c c e l e r a t i o n  of p a r t i c l e s  by c e r t a i n  magnetohydrodynamic waves ( c l o s e l y  
r e l a t e d  but  n o t  i d e n t i c a l  to our  c y l i n d r i c a l  waves) and t o  confirm t h e  
damping r a t e  of t h e s e  waves which h e  had e a r l i e r  p r e d i c t e d  from t h e  warm- 
plasma d i s p e r s i o n  r e l a t i o n . 9 0  What is  of most i n t e r e s t  h e r e  is h i s  p o i n t  
t h a t  ( n o n r e l a t i v i s t i c )  e l e c t r o n s  a re  better a b l e  t h a n  i o n s  t o  respond t o  
a t r a n s i e n t  push away from a mir ror ,  so t h a t  a c h a r g e  s e p a r a t i o n  and a 
f i e l d  EZ 
and wavelength.  Barnes e s t i m a t e d  t h a t  t h e  e f f e c t s  of t h e  e l e c t r i c  and 
magnet ic  f i e l d s  would be comparable f o r  thermal  p a r t i c l e s .  Then s i n c e  
CL i n c r e a s e s  w i t h  p a r t i c l e  energy w h i l e  q does n o t ,  w e  have reason  t o  
w i l l  accompany t h e  magnetic f l u c t u a t i o n  a t  t h e  same f requency  
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b e l e i v e  t h a t ,  f o r  our own i n t e r e s t  i n  supra thermal  p a r t i c l e s ,  
t h e  dominant t e r m  i n  (3 .6 .7) .  
rl i s  
Tidman a l s o  c a l c u l a t e d  a damping r a t e  f o r  MHD waves, bu t  i n  h i s  
c a s e  i t  i s  due t o  g y r o r e s o n a n t ,  r a t h e r  than  zero- f requency ,  i n t e r a c t i o n  
of waves w i t h  a p r e - e x i s t i n g  supra thermal  d i s t r i b u t i o n  of p a r t i c l e s ;  
t h u s  i t  r e a l l y  h a s  more t o  do w i t h  S e c t i o n  IV of t h i s  c h a p t e r  t h a n  t h e  
p r e s e n t  s e c t i o n .  H e  e s t i m a t e d  t h a t  t h e  presence  of t h e  cosmic r a y s  
would cause a p p r e c i a b l e  damping of MHD waves i n  t h e  i n t e r s t e l l a r  medium, 
but  t h a t  t h i s  was n o t  an impor tan t  i n p u t  mechanism f o r  t h e  t o t a l  energy  
ba lance  of t h e  p a r t i c l e s .  
Both of t h e s e  approaches s e r v e  t o  s u g g e s t  a n o t h e r  c o n d i t i o n  which 
should be k e p t  i n  mind: I f  some group of waves (of any k i n d )  i s  t o  be 
cons idered  a s  a source  of a c c e l e r a t i o n  o f  h i g h l y  supra thermal  p a r t i c l e s ,  
t h e s e  waves should  be i n c a p a b l e  of a c c e l e r a t i n g  t h e  thermal  background, 
i . e . ,  incapable  of dumping t h e i r  e n e r g y  i n t o  unwanted h e a t i n g  i n s t e a d  
of c a r e f u l l y  " r e s e r v i n g t t  i t  a l l  f o r  p r e f e r e n t i a l  a c c e l e r a t i o n  of t h e  
s p e c i a l  c l a s s  of p a r t i c l e s  t h a t  a l r e a d y  have h i g h e r  t h a n  thermal  energy .  
T h i s  aga in  s u g g e s t s  t h a t  gyroresonant  i n t e r a c t i o n s  w i l l  b e  bet ter  can- 
d i d a t e s  f o r  a f f e c t i n g  r e l a t i v i s t i c  p a r t i c l e s  t h a n  zero-frequency i n t e r -  
a c t i o n s ,  because t h e y  have a b u i l t - i n  I t s e l e c t i o n  ru le" :  Waves w i t h  l o w  
wavenumber and f requency  o < R w i l l  be  more o r  less l i m i t e d  to  i n t e r -  
a c t i n g  e x c l u s i v e l y  w i t h  p a r t i c l e s  f o r  which 
w e  ob ta ined  elsewhere86 by t h e  method of SA,  a l t h o u g h  t h e  d i f f e r e n c e  h a s  
l i t t l e  e f f e c t  upon t h e  c o n c l u s i o n s  drawn i n  e i t h e r  p l a c e .  Our p r e s e n t  
d e r i v a t i o n  (QL o r  "en l ightened"  FP) a p p a r e n t l y  y i e l d s  a Fokker-Planck 
c o e f f i c i e n t  
y ,, il/o. 
W e  should comment on t h e  d i s c r e p a n c y  between ( 3 . 6 . 7 )  and t h e  r e s u l t s  
(22) = 0 , ( 3 . 6 . 1 1 )  
where w e  former ly  gave a f i n i t e  r e s u l t .  W e  b e l i e v e  t h a t  t h e  e x p l a n a t i o n  
i s  t h a t  t h e  FP approach i s  n o t  c a p a b l e  (when f o l l o w e d  b l i n d l y )  of recog-  
n i z i n g  a d i a b a t i c  i n v a r i a n t s  when t h e y  e x i s t .  I t  i s  t rue  t h a t  t h e  i n t e r -  
a c t i o n  i n i t i a l l y  t e n d s  t o  d e c r e a s e  on t h e  a v e r a g e ,  bu t  because of 
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t h e  a d i a b a t i c  i n v a r i a n c e  t h i s  s t o p s  as soon a s  t h e  p a r t i c l e  r e a c h e s  t h e  
n e a r e s t  wave t r o u g h  r a t h e r  than  c o n t i n u i n g  i n d e f i n i t e l y .  T h i s  i s  n o t  so 
much a r e a l  d i f f e r e n c e  between t h e  two methods a s  i t  is a f o r t u i t o u s  c i r -  
cumstance t h a t  QL should agree  w i t h  the a d i a b a t i c  i n v a r i a n t  when FP 
does n o t ,  f o r  n e i t h e r  method i s  s t r i c t l y  a p p l i c a b l e ;  t h e  v a l u e s  of a co- 
o r d i n a t e  c o n t r o l l e d  by an a d i a b a t i c  i n v a r i a n t  cannot  r e a l l y  undergo a 
random walk such  a s  these methods a re  i n t e n d e d  to  d e s c r i b e .  There  was 
a d i f f e r e n c e  i n  t h a t  t h e  p r e s e n t  approach a u t o m a t i c a l l y  bypessed t h e  c a l -  
c u l a t i o n  and subsequent  n e g l e c t  of many g y r o r e s o n a n t  terms, which were of 
d o u b t f u l  c o n s i s t e n c y  w i t h  t h e  d e s i r e d  approximat ions  anyhow. T h i s  is  a 
c o n c r e t e  example of o u r  remarks i n  Chapter  2 t o  t h e  e f f e c t  t h a t  QL b o t h  
s i m p l i f i e s  a n a l y s i s  and avoids  errors i n  comparison w i t h  FP. 
V I I .  S p a t i a l  D i f f u s i o n  
Emphasis i n  t h e  preceding  s e c t i o n s  h a s  been focused  upon t h e  changes 
i n  momentum r e s u l t i n g  from f l u c t u a t i n g  f i e l d s ,  and t h i s  w i l l  be done a g a i n  
a f t e r  t h i s  s e c t i o n ,  bu t  w e  w i l l  r ecord  a f e w  formulae  h e r e  showing how 
d r i f t s  i n  p o s i t i o n  space  n a t u r a l l y  a r i se  o u t  of t h e  same t h e o r y .  
o r  less s i m i l a r  r e s u l t s  f o r  s p a t i a l  d i f f u s i o n  have been found by o t h e r s ;  
see, f o r  example, Mouthaan. ) Consider ing  now t h e  s t r i c t l y  s p a t i a l  terms 
on t h e  r igh t -hand s i d e  of (3 .3 .141,  %e may use  ( 3 . 3 . 7 b )  [ i r ?  e x a c t l y  t h e  
same way t h a t  (3.3.9)-(3.3.13) were used  i n  t h e  remainder  of t h a t  s e c t i o n ]  
t o  c a l c u l a t e  f o u r  r e a l  q u a n t i t i e s :  
(More 
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BE 2 2 EE - Re[: ] = BO21d3k jd!.l) 1 { J n[ c s+- + VIIS+- Dl - +- 
n 
(3.7.1) 
4 9  
1 
k v + n i l - u t  II II 
( 3 . 7 . 2 )  
1 BE EB - sBE - 'EB)] EE) - -- -- i c v l l  (s++ + s++ 
+ v 2 J J COS 2q S BB} &(kllvll + nil - co) 1 n-1 n + l  Z Z  
(3.7.3) 
- Im[g ] = B-'/d3k/du, 2 (. 2 [- 1 2 ( SEE - SEE) -- ++ n 2  D4 - ++ 0 
n 
- 1. v2 (SBB - SBB) -- + 1 2 i C V l I ( S ~  ++ + SEB ++ + SBE -- + s"")] --
2 I1 ++ 
- vlJ 2 J i s i n  2q S BB } in6(ki lv11 + nil - L O )  . n-1 n + l  Z Z  
( 3 . 7 . 4 )  
Again,  t h e  arguments a r e  J n ( k  r ) and S(<,LO) t h r o u g h o u t .  I n  t h e s e  
terms w e  w i l l  have 
l g  
( 3 . 7 . 5 )  
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which a l lows  a n i s o t r o p i c  d i f f u s i o n ,  Whenever c y l i n d r i c a l l y  symmetric 
f i e l d  s p e c t r a  a r e  b e i n g  c o n s i d e r e d ,  the  9 i n t e g r a t i o n  w i l l  a n n i h i l a t e  
D and D4, and i f  i n  a d d i t i o n  t h e  s p e c t r a  a r e  s p a t i a l l y  homogeneous 
(3 .7 .5)  w i l l  r educe  t o  the  s imple form 
3 
(g) = 5 1 DIVIF 2- . xx 
I n  t h e  c a s e  of e l ec t r i c  f i e l d s  a lone  ( a s  i n  S e c t i o n  I V ) ,  t h e  l i m i t  
becomes 
Dl f o r  k r << 1 of t h e  impor tan t  c o e f f i c i e n t  l g  
Dl -+ nc2 2 /d3k S F ( $ , k  II v /I ) . 
B O  
(3 .7 .6)  
Notice t h a t  i t  is  determined by a d i f f e r e n t  p a r t  of t h e  spectrum t h a n  i s  
i n  ( 3 . 4 . 3 ) ;  t h i s  s p a t i a l  d i f f u s i o n  is j u s t  t h e  resu l t  of 2 X so t t  
d r i f t .  I n  the  c a s e  of magnet ic  f i e l d s  ( S e c t i o n  V ) ,  
0 
(3.7.7) 
g y r o r e s o n a n t  pumping and t h e  fo l lowing  of d i s p l a c e d  f i e l d  l i n e s  both  con- 
t r i b u t e  h e r e  t o  s p a t i a l  d i f f u s i o n .  The t r a n s p o r t  of p a r t i c l e s  by t h i s  
method i n  a plasma of v e r y  l o w  c o l l i s i o n  f r e q u e n c y  can g r e a t l y  enhance 
s u c h  t r a n s p o r t  c o e f f i c i e n t s  a s  v i s c o s i t y  and h e a t  c o n d u c t i v i t y  i n  d i r e c -  
t i o n s  p e r p e n d i c u l a r  t o  t h e  magnetic f i e l d .  
a p p l i c a t i o n  of t h e s e  i d e a s  t o  some problems of  momentum and energy  t r a n s -  
P o r t  i n  t h e  E a r t h ' s  magnetosphere and ionosphere .  
Tsuda h a s  c o n s i d e r e d  t h e  
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F i n a l l y ,  ( 3 . 3 . 1 4 )  c o n t a i n s  mixed terms i n v o l v i n g  b o t h  p o s i t i o n  and 
momentum d e r i v a t i v e s .  They could  be w r i t t e n  o u t  i n  t h e  same way a s  were 
( 3 . 3 . 2 2 )  and (3.7.5) and t h e i r  c o e f f i c i e n t s ,  b u t  w e  s h a l l  n o t  do SO h e r e .  
I n  t h e  c y l i n d r i c a l l y  symmetric case  which is  of most i n t e r e s t  t o  u s  t h e s e  
51 
terms a l l  vanish ,  l e a v i n g  d i f f u s i o n s  i n  p o s i t i o n  and i n  momentum which 
a r e  independent of one a n o t h e r .  
V I I I .  Nonuniform C o n d i t i o n s  
The r e l a t i v e l y  s imple  i d e a l i z e d  c a s e s  f o r  t h e  choice  of s t e a d y  
f i e l d s  G have a l r e a d y  been exhaus ted  by  o u r  c o n s i d e r a t i o n  i n  S e c t i o n  
I1 of Eo = Bo = 0 and i n  S e c t i o n  I11 of E = 0, B = c o n s t a n t .  I t  
i s  n o t  w i t h i n  t h e  scope of t h i s  work t o  t r e a t  f u r t h e r  c a s e s  i n  any de- 
t a i l ,  b u t  we may comment b r i e f l y  on what such  a s t u d y  might i n v o l v e .  
- + p  + + -P 
0 0 
There a r e  two o t h e r  c a s e s  of c o n s t a n t  and uniform f i e l d s  p o s s i b l e :  
+ * i --+ 
E = c o n s t a n t ,  B = 0, and Eo and Bo b o t h  c o n s t a n t  and p a r a l l e l  t o  
one another .  These c a s e s  would both  i n v o l v e  o r d e r e d  runaway a c c e l e r a r  
t i ~ n ’ ~ ’ ’ ~  and i t s  c h a i n  of consequences,  and b e f o r e  u n d e r t a k i n g  t h e  t a s k  
of c a l c u l a t i n g  s t a t i s t i c a l  e f f e c t s  i n  t h e i r  p r e s e n c e ,  one would c o n s i d e r  
c a r e f u l l y  whether t h e  f l u c t u a t i o n  phenomena a r e  l i k e l y  to  have any i m -  
p o r t a n t  r o l e  i n  comparison t o  t h e  runaway. The t r a n s i t i o n  from l i n e a r  
t o  p a r a b o l i c  t y p e  unper turbed  o r b i t s  would make t h e  e v a l u a t i o n  of F o u r i e r  
i n t e g r a l s  much more d i f f i c u l t ,  p robably  r e q u i r i n g  t h e  use of  Ai ry  func-  
t i o n s  o r  something comparable.  
0 0 
The d i f f i c u l t i e s  of c o n s i d e r i n g  nonuniform background f i e l d s  w i l l  
be e v i d e n t  t o  one who h a s  f o l l o w e d  t h e  mathematics  of S e c t i o n  111 and 
Appendix C i n  d e t a i l .  
i n v a r i a n t s  and t h e i r  c o n j u g a t e  phase  v a r i a b l e s  would be used  a s  c o o r d i -  
n a t e s  whenever t h e y  e x i s t .  Birmingham, Nor throp ,  and Falthammar have 
been working  on such a t h e o r y  f o r  p a r t i c l e s  i n  t h e  E a r t h ’ s  magnet ic  f i e l d ,  
which w i l l  r e f i n e  p r e s e n t  i d e a s  about  s t o c h a s t i c  a c c e l e r a t i o n  by v i o l a t i o n  
of t h e  s o - c a l l e d  t h i r d  i n v a r i a n t  i n  c e r t a i n  geomagnet ic  d i s t u r b a n c e s .  
Equat ion  ( 2 . 4 . 5 )  c e r t a i n l y  s u g g e s t s  t h a t  a d i a b a t i c  
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I .  
Chapter 4 
SYNCHROTRON U D I A T  ION 
I .  The Emitted Radiation 
A charged particle moving in a magnetic field must, as a result of 
its continual centripetal acceleration, radiate energy in the form of 
electromagnetic waves. This is commonly called cyclotron radiation (for 
nonrelativistic particles), synchrotron radiation (relativistic), or (usu- 
ally in the Russian literature) magnetobremsstrahlung; and it must be 
taken into account if the possibility of stochastic acceleration in astro- 
physics is to be considered. The basic theory of this radiation has been 
established for over fifty years,96 and it has recently been the subject 
of a thorough review from the point of view of astrophysical applications. 
We shall merely note in this section a few of its principal properties 
which will be of use to us later, as given in the review mentioned or in 
a typical textbook. 
97 
98 
The total power radiated by a particle of mass m, charge q, and 
2 total energy W = ymc , moving with pitch angle 8, in a uniform mag- 
netic field of strength B, is 
2 4B2 2 P = Q sin2 8 (7 - 1) . 2 3  
3m c 
(4.1.1) 
2 2  
The last factor is equivalent to @ 7 , showing how this power becomes 
small for nonrelativistic motion; in that case the radiation is concen- 
trated at the cyclotron frequency ilo = qB/mc 
But we shall be interested almost exclusively in the ultrarelativistic 
and is of dipole type. 
case, for which many harmonics come into play and give a practically con- 
tinuous spectrum extending up to frequencies of order 
2 o = s i n e y R  . 
C 0 
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T h i s  spectrum f o r  s i n g l e - p a r t i c l e  r a d i a t i o n  v a r i e s  approximately a s  
'I3 below a and a s  e x p ( - h / a c )  above, a s  p i c t u r e d  i n  J a c k s o n ' s  (I) 
F i g .  1 4 . 1 1  (Ref .  98, p.  4 8 7 ) .  I n  s p a t i a l  d i s t r i b u t i o n ,  t h i s  r a d i a t i o n  
f a l l s  o f f  e x p o n e n t i a l l y  fo r  a n g l e s  f a r t h e r  away from t h e  cone of d i r e c -  
t i o n s  t raced  o u t  by t h e  v e l o c i t y  v e c t o r  t h a n  
C 
The r a d i a t i o n  has  i n  g e n e r a l  an e l l i p t i c a l  p o l a r i z a t i o n ,  w i t h  t h e  p r i n -  
c i p a l  e lec t r ic  v e c t o r  a t  r i g h t  a n g l e s  t o  t h e  p r o j e c t i o n  of t h e  magnet ic  
f i e l d  on a p lane  p e r p e n d i c u l a r  t o  t h e  o b s e r v e r ' s  l i n e  of s i g h t ,  a s  i l l u s -  
t r a t e d  i n  Ginzburg and S y r o v a t s k i i ' s  F i g .  5 (Ref .  97, p ,  308). The d e g r e e  
of p o l a r i z a t i o n  averaged o v e r  a l l  emiss ion  a n g l e s  i n c r e a s e s  from 1/2 a t  
l o w  f r e q u e n c i e s  t o  1 a t  h i g h  f r e q u e n c i e s ;  f u r t h e r  d e t a i l s  a r e  abundant i n  
Reference  97. 
F i g u r e s  3 and 4 p r e s e n t  g r a p h s  which w e  have found convenient  f o r  
q u i c k  r e f e r e n c e  on t h e  p r o p e r t i e s  of s i n g l e - p a r t i c l e  s y n c h r o t r o n  r a d i a -  
t i o n .  Using W and BI = B s i n  8 f o r  a x e s  ( l o g a r i t h m i c a l l y  s c a l e d ) ,  
w e  can p l o t  sets of s t r a i g h t  l i n e s  r e p r e s e n t i n g  c o n s t a n t  v a l u e s  of o t h e r  
q u a n t i t i e s .  L i n e s  of s l o p e  +1 may be l a b e l e d  w i t h  e i t h e r  t h e  g y r o f r e -  
quency R = .Q / r  or  t h e  g y r o r a d i u s  r = c/.Q 
r e p r e s e n t  the  c h a r a c t e r i s t i c  f r e q u e n c y  
0 g 
u m = 0.43(uc/2n) 
a t  which the  g r e a t e s t  r a d i a t i o n  occurs. L i n e s  
and t h o s e  of s l o p e  -1/2 
of c o n s t a n t  t o t a l  power 
( s l o p e  -1) a r e  omi t ted  i n  f a v o r  of t h o s e  w i t h  s l o p e  -2 r e p r e s e n t i n g  t h e  
c h a r a c t e r i s t i c  t i m e  T = W/P i n  which t h e  p a r t i c l e  would lose one-half  
of i t s  o r i g i n a l  energy .  
o r  rg) 
r e l a t i v i s t i c ,  t h i s  is d e c i d e l y  u n t r u e  of t he i r  r a d i a t i o n .  F o r  a g i v e n  
-4 
energy  t h e  r a d i a t e d  power P s t i l l  depends upon t h e  rest mass a s  m , 
7 a s  m , and u a s  m ; t h i s  is t h e  d i f f e r e n c e  between t h e  t w o  
g r a p h s .  There a r e  two e x t r a  c a u t i o n a r y  l i n e s  on e a c h  g r a p h  above which 
Although i n  some k i n e m a t i c  r e s p e c t s  ( s u c h  a s  R 
e l e c t r o n s  and p r o t o n s  have s i m i l a r  p r o p e r t i e s  when b o t h  a r e  u l t r a -  
4 -3 
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FIG. 3.  SYNCHROTRON RADIATION BY ELECTRONS. 
t h i s  i n f o r m a t i o n  should  be regarded  o n l y  a s  a rough e s t i m a t e :  a t  l i n e  D 
t h e  r a d i a t i o n  damping is becoming important  i n  de te rmining  t h e  p a r t i c l e ' s  
mot ion ,  and a t  l i n e  Q t h e  energy  of a s i n g l e  photon a t  the  most l i k e l y  
f r e q u e n c y  exceeds t h e  p a r t i c l e ' s  o r i g i n a l  energy ,  SO i t  must a l r e a d y  have 
become impor tan t  before  t h i s  t o  use quantum mechanics i n s t e a d  of c l a s s i -  
c a l  r a d i a t i o n  t h e o r y .  W e  s h a l l  n o t  become involved  i n  t h i s  l a s t  q u e s t i o n ,  
b u t  an i n t e r e s t i n g  review of i t s  p o s s i b i l i t i e s  h a s  r e c e n t l y  appeared.  
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FIG. 4 .  SYNCHRWRON RADIATION BY PROTONS. 
On the assumption t h a t  t h e r e  is no p r o c e s s  l o c k i n g  t h e  p h a s e s  of 
d i f f e r e n t  p a r t i c l e s  t o g e t h e r  and c a u s i n g  them to  r a d i a t e  c o h e r e n t l y ,  t h e  
r a d i a t i o n  from a l a r g e  number of p a r t i c l e s  w i t h  d i f f e r e n t  e n e r g i e s  may 
be found simply by i n t e g r a t i n g  t h e i r  i n d i v i d u a l  i n t e n s i t i e s .  T h i s  h a s  
t h e  well-known r e s u l t  t h a t  a d i s t r i b u t i o n  N ( W )  = K1 Wmn 
e n e r g i e s  i n  a source w i l l  produce an observed  r a d i a t i o n  spec t rum which 
i s  descr ibed  b y  a power law a l s o :  
of p a r t i c l e  
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I 
1 
i f  n > -  3 .  ( 4 . 1 . 2 )  
Each f requency  v i s  c o n t r i b u t e d  mainly by t h o s e  p a r t i c l e s  fo r  which 
v 2 v .  The i n t e g r a t e d  p o l a r i z a t i o n  becomes l i n e a r ,  i n  t h e  d i r e c t i o n  
a l r e a d y  d e s c r i b e d ,  w i t h  s t r e n g t h  
m 
n + l  f l = q  ( 4 . 1 . 3 )  
which v a r i e s  from 1/2 t o  1 a s  n i n c r e a s e s  from 1/3 t o  w .  
I f  t h i s  i s  f u r t h e r  i n t e g r a t e d  along a l i n e  of s i g h t  where t h e  d i r e c -  
t i o n  of t h e  magnet ic  f i e l d  is n o t  everywhere the same, t he  degree of po- 
l a r i z a t i o n  w i l l  be reduced, going  of c o u r s e  t o  z e r o  i n  t h e  l i m i t  where 
a l l  d i r e c t i o n s  of f i e l d  a r e  e q u a l l y  l i k e l y .  I f  N(W) = K W-" c o n t i n u e s  1 
t o  h o l d  f o r  v a r i o u s  p i t c h  a n g l e s  and p o s i t i o n s  i n  space ,  t h e n  ( 4 . 1 . 2 )  re- 
mains t r u e ;  any v a r i a t i o n  of w i l l  n o t  m a t t e r  u n l e s s  t h e r e  is such  a 
g r e a t  a n i s o t r o p y  t h a t  the  d i s t r i b u t i o n  f u n c t i o n  changes a p p r e c i a b l y  o v e r  
a v e r y  smal l  a n g l e  of t he  o r d e r  of y . 
f r e q u e n c y  f a s t e r  t h a n  Y ' / ~ ,  
Synchrot ron  r a d i a t i o n  can be se l f -absorbed  i f  i t  p a s s e s  through a r e g i o n  
c o n t a i n i n g  other e n e r g e t i c  p a r t i c l e s ;  f o r  o p t i c a l l y  t h i c k  s o u r c e s  t h i s  
can r e s u l t  i n  
is t h e  r e f r a c t i v e  index of the ambient plasma, which h a s  a c h a r a c t e r i s t i c  
f r e q u e n c y  Y = (ne2/m)'; f o r  f r e q u e n c i e s  I/ ,< Y t h i s  w i l l  i n f l u e n c e  
t h e  r a d i a t i o n  p r o c e s s ,  Hornby and Wil l iamslo0 have c o n s i d e r e d  t h e s e  and 
o t h e r  p o s s i b l e  e x p l a n a t i o n s  of observed low-frequency c u t o f f s  i n  t h e  r a d i o  
s p e c t r a  of s e v e r a l  e x t r a g a l a c t i c  r a d i o  s o u r c e s .  
K1 
-1 
A s  d e s c r i b e d  above, a synchrotron spectrum can never  i n c r e a s e  w i t h  
but  there a r e  p r o c e s s e s  t h a t  can a l t e r  t h i s .  
a t  l o w  f r e q u e n c i e s .  97 Another c o m p l i c a t i o n  5/ 2 I ( V )  cc Y 
P P 
11. E f f e c t  of Radia t ion  L o s s  on P a r t i c l e s  
More a t t e n t i o n  h a s  g e n e r a l l y  been g i v e n  t o  t h e  r a d i a t i o n  i t s e l f  t h a n  
t o  its r e a c t i o n  upon t h e  r a d i a t i n g  p a r t i c l e s ,  b u t  t h i s  too is  a s t r a i g h t -  
f o r w a r d  problem s o l u b l e  i n  p r i n c i p l e ,  and i t  is of  prime i n t e r e s t  t o  u s  
h e r e .  D i r a c ' s  t h e o r y  of r e l a t i v i s t i c  c l a s s i c a l  p o i n t  e l e c t r o n s  h a s  (see 
R e f .  98, p .  609) t h e  e q u a t i o n  of motion 
57 
( 4 . 2 . 1 )  
Fex t  under  t h e  e x t e r n a l  f o r c e s  , where t h e  r a L i a t i v e  r e a c t i o n  is g iven  
CI 
by 
Here p, ,  is  t h e  p a r t i c l e ' s  four-momentum (W,;), T i t s  p r o p e r  t i m e ,  
(4 .2 .2  ) 
P Frad and w e  wish t o  c a l c u l a t e  a s  a s m a l l  s e l f - g e n e r a t e d  c o r r e c t i o n  t o  
Fex t 
P 
P 
, Then w e  may use t h e  unpe r tu rbed  s o l u t i o n  
and d t  = ydz to c a l c u l a t e  i n  t h e  frame of o b s e r v a t i o n  t h a t  
---L dpyad 2 4B2 [ 1 + -  - ,  > 
m c  3 5  
- 
3m c dT 
and 
4 2  p2 r a d  
3 5  2 2 y  * 
3 m c  m c  d t  
The f o u r t h  component, dWrad/dt , r ep roduces  ( 4 . 1 . 1  ) . 
L e t  us d e f i n e  
4 
3m c 
2q. c =  3 5 '  
( 4 . 2 . 3 )  
( 4 . 2 . 4 )  
( 4 . 2 . 5 )  
( 4 . 2 . 6 )  
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I 
-9 -1 -2 
f o r  e l e c t r o n s  t h i s  i s  e q u a l  t o  1 .8  X 1 0  sec gauss  . Then w e  may 
e i the r  write t h e  e f f e c t  of the r a d i a t i o n  damping upon the  d i s t r u b u t i o n  
f u n c t i o n  
( 4 . 2 . 7 )  
r a d  [( m c  ;?$ 2 all [ m c  p: 71 + C B  ap 22 1 + -  - 
o r  t r ans fo rm t o  t o t a l  momentum and p i t c h  a n g l e  t o  o b t a i n  
CB2 a [ s i n 2  8 cos  8 F] , (4.2.8) 2 2 2 CB s i n  (E) r a d  = P P 
A set of s t a t i o n a r y ,  s e p a r a b l e  s o l u t i o n s  t o  t h i s  e q u a t i o n  can e a s i l y  be 
w r i t t e n :  
( 4 . 2 . 9 )  1 F -  
yp3 s i n 2  e cos 0 
L o c a l l y ,  these a r e  v a l i d  f o r  any va lue  of x ,  b u t  from t h e  g l o b a l  view- 
p o i n t  t hey  a r e  somewhat p a t h o l o g i c a l  f u n c t i o n s :  F i r s t ,  t hey  a r e  n o t  nor -  
m a l i z a b l e ,  always g i v i n g  a l o g a r i t h m i c  d ive rgence  a t  9 = 0 r e g a r d l e s s  
Of t h e  v a l u e  of x, bu t  t h i s  might be expec ted  p h y s i c a l l y  s i n c e  t h e  p a r -  
t i c l e  p i t c h  a n g l e s  a r e  always being d e c r e a s e d  by t h e  r a d i a t i o n .  Second, 
t o  avo id  a nonphys ica l  d ive rgence  a t  8 = ~r/2 w e  would r e q u i r e  x > 0, 
and if an nth d e r i v a t i v e  is  to be d e f i n e d  a t  8 = ~ r / 2  t h i s  would b e  
f u r t h e r  l i m i t e d  t o  x = 1 , 2 ,  ..., n o r  x > n-1. F i n a l l y ,  t h e r e  must be 
a s o u r c e  of p a r t i c l e s  a t  p = w t o  s u p p o r t  such  a s o l u t i o n  everywhere.  
Our i n t e r e s t  w i l l  be p r i m a r i l y  i n  t h e  u l t r a r e l a t i v i s t i c  l i m i t  where 
( 4 . 2 . 8 )  r educes  t o  
2 
CB s i n 2  8 a (P4F) [1 + o(y-% , ( 4 . 2 . 1 0 )  
2 %  (%) r a d  = m c  P 
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which shows t h a t  i n  t h i s  l i m i t  i t  is  a good approximation to  assume t h a t  
a l l  p a r t i c l e s  merely l o s e  energy  accord ing  t o  (4 .1 .1)  w i t h o u t  any change 
i n  t h e i r  p i t c h  a n g l e s .  
-4 
( 4 . 2 . 1 0 ) ,  would be F - p ( t i m e s  any r e a s o n a b l e  f u n c t i o n  of e) .  T h i s  
would correspond t o  n = 2 ,  
conclude  t h a t  observed s p e c t r a l  i n d i c e s  w i l l  e x h i b i t  any tendency to  have 
t h e  v a l u e  0 .5 .  
A s t a t i o n a r y  s o l u t i o n ,  f rom e i t h e r  ( 4 . 2 . 9 )  or 
s = 1/2 i n  ( 4 . 1 . 2 ) ,  b u t  w e  should  n o t  h a s t i l y  
2 2 
CB s i n  Q L =  , m c  
so t h a t  an i n i t i a l  d i s t r i b u t i o n  F o ( p , e , O )  w i l l  become a t  any l a t e r  t i m e  
F ( p , e , t )  = (1 - L p t )  Fo - Lpt , 8, 0) 
-4 ( ( p t  < L - l )  
= o  ( p t  > L - l )  . 
( 4 . 3 . 3 )  
O f  p a r t i c u l a r  i n t e r e s t  would be t h e  c l a s s  of p a r t i c l e  s p e c t r a  which can 
be w r i t t e n  as t h e  product  of one f u n c t i o n  of p a l o n e  w i t h  a n o t h e r  func-  
t i o n  of p t  a l o n e ,  and t h i s  is j u s t  t h e  c l a s s  of i n i t i a l l y  Power-law 
d i s t r i b u t i o n s .  Using n i n  t h e  same s e n s e  a s  i n  ( 4 . 1 . 2 ) ,  t h e s e  a r e  
( p t  < L - 5  . ( 4 . 3 . 4 )  -n -2 F n ( P , B , t )  = A ( 8 )  (1 - Lpt)n-2 P 
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111. Dynamic R a d i a t i o n  S p e c t r a  
The genera l  s o l u t i o n  of ( 4 . 2 . 1 0 )  can i n  f a c t  be w r i t t e n  e x p l i c i t l y ,  
4 
s i n c e  i t  c o n t a i n s  o n l y  f i rs t  d e r i v a t i v e s ;  t h e  q u a n t i t y  p F remains con- 
s t a n t  along t h e  c h a r a c t e r i s t i c s  
* = - L p  2 , - -  d e - O ,  
d t  d t  
( 4 . 3 . 1 )  
where 
( 4 . 3 . 2 )  
( . . )  
For  a g iven  t and r e a s o n a b l e  values  of n ,  t h e  o r i g i n a l  spectrum is 
f o r  p r a c t i c a l  purposes  unchanged except w i t h i n  t h e  l a s t  decade of p be- 
f o r e  t h e  c u t o f f  a t  1 / L t .  
a given p i t c h  a n g l e  w i l l  a l s o  be s t a t i o n a r y  and a s  g iven  by ( 4 . 1 . 2 )  up 
t o  w i t h i n  t h e  l a s t  decade b e f o r e  
Then t h e  r a d i a t i o n  spec t ru i i  from p a r t i c l e s  of 
2 3  2 . 8  X 10 5 9  - f o r  e l e c t r o n s .  9mc - B s i n  
2fim c e((-')' Lt - 8fiq 7 2 3  t B s i n  3 8 - t 2 3  B s i n 3  8 
( 4 . 3 . 5 )  
Above v ( e , t )  t h e  spectrum w i l l  f a l l  o f f  e x p o n e n t i a l l y ,  and j b s t  below 
i t s  behavior  w i l l  depend on n ;  q u a l i t a t i v e l y  i t  i s  a smoothed r e p l i c a  
of t h e  p a r t i c l e  spectrum ( 4 . 3 . 2 ) ,  a s  shown i n  F i g .  5, and q u a n t i t a t i v e l y  
t h e r e  a r e  a v a i l a b l e  e x a c t  formulae ( s u c h  a s  Ref .  97, e q u a t i o n  3 . 2 0 )  from 
which t h e s e  f a l l o f f s  could  be c a l c u l a t e d  a c c u r a t e l y ,  but t h a t  is n o t  i m -  
p o r t a n t  t o  us  h e r e .  
C 
A 
LOG I 
FIG. 5. RADIATION SPECTRUM FROM UNDISTURBED PARTICLES AT 
A SINGLE PITCH ANGLE. 
\ 
W e  a r e  now i n  a p o s i t i o n  t o  show an i n t e r e s t i n g  r e su l t ,  a p p a r e n t l y  
due t o  K a r d a ~ h e v , ~ ~  which h a s  been used r e c e n t l y  by Kellermann''' t o  
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propose an e x p l a n a t i o n  f o r  t h e  d i s t r i b u t i o n  of s p e c t r a l  i n d i c e s  of ob- 
s e r v e d  r a d i o  s o u r c e s .  I n  n e i t h e r  of t h e s e  p l a c e s  was i t  c l e a r  t o  our 
s a t i s f a c t i o n  j u s t  how t h i s  r e s u l t  was found,  o r  what w e r e  t h e  c o n d i t i o n s  
f o r  i t s  v a l i d i t y ,  so i t s  d e r i v a t i o n  w i l l  be g iven  b r i e f l y  h e r e .  W e  must 
assume ( i )  t h a t  an i s o t r o p i c  power-law spectrum of p a r t i c l e s  i s  i n j e c t e d  
uni formly  throughout  a c e r t a i n  r e g i o n  of space  a t  t h e  t i m e  
t h a t  t h e  s t r e n g t h  B of t h e  magnet ic  f i e l d  i s  n e a r l y  c o n s t a n t  i n  t h i s  
r e g i o n ,  yet a t  t h e  same t i m e  t h a t  t h e  d i r e c t i o n  of t h i s  f i e l d  changes 
s u f f i c i e n t l y  from one p a r t  t o  a n o t h e r  so t h a t  t h e  r a d i a t i o n  r e c e i v e d  by 
an e x t e r n a l  o b s e r v e r  w i l l  c o n s t i t u t e  a sampling t a k e n  e q u a l l y  from a l l  
p i t c h  a n g l e s ;  and (iii) t h a t  t h e r e  i s  no o t h e r  p r o c e s s  t a k i n g  p l a c e  which 
could  s i g n i f i c a n t l y  change t h e  p i t c h  a n g l e  f o r  any of t h e  p a r t i c l e s  o v e r  
any t i m e  s c a l e  t o  be d i s c u s s e d  h e r e .  We s h a l l  n o t  a s k  whether  t h e s e  
r a t h e r  s t r i n g e n t  c o n d i t i o n s  a r e  m e t  i n  any r e a l  o b j e c t  u n t i l  a l a t e r  
c h a p t e r ;  f o r  now w e  o n l y  ask  what t h e i r  consequences would be. 
t = 0; (ii) 
The spectrum seen  by t h e  o b s e r v e r  under  t h e s e  c o n d i t i o n s  w i l l  be 
where Fn i s  given by ( 4 . 3 . 4 )  w i t h  A independent  of 8 ,  and 
( 4 . 3 . 7 )  
d e s c r i b e s  the  i n t e n s i t y  c o n t r i b u t e d  by a s i n g l e  p a r t i c l e  a t  P , 0 .  
is  a known f u n c t i o n  p r o p o r t i o n a l  t o  f o r  s m a l l  
and l a r g e  x r e s p e c t i v e l y ,  a s  d e s c r i b e d  i n  t h e  f i r s t  s e c t i o n  of t h i s  
c h a p t e r .  Thus 
J ( X )  
x 'I3 and exp(-2x/3) 
( 4 . 3 . 8 )  
where t h e  a n g u l a r  i n t e g r a l  must be w r i t t e n  f i r s t  because t h e  momentum 
c u t o f f  1/Lt depends on 0 .  Now w e  t a k e  advantage of t h e  n a t u r e  of J 
by making x = v / V  i n s t e a d  of p t h e  independent  v a r i a b l e  f o r  t h e  sec- 
ond i n t e g r a t i o n :  
C 
( 4 . 3 . 9 )  
or 
( 4 . 3 . 1 0 )  
Now ( 4 . 3 . 5 )  s t a t e s  t h a t  
( 4 . 3 . 1 1 )  
so f o r  smal l  f r e q u e n c i e s  t h e  lower l i m i t  of t h e  x i n t e g r a t i o n  i s  always 
much less t h a n  one ,  and i n  f a c t  i t  can be approximate ly  set  to  z e r o  f o r  
e v a l u a t i o n  of t h e  f a c t o r s  J ( x )  x ' ( ~ - ~ )  if 
n > 1/3. 
must have n > 1, and t h i s  makes it p o s s i b l e  t o  w r i t e  
[1/3 + (n-3/2] > -1, or 
I n  o r d e r  t h a t  t h e  f i n a l  f a c t o r  may be approximated by u n i t y  w e  
v << VC(+  ", t): 
( 4 . 3 . 1 2 )  
where t h e  i n t e g r a l s  a r e  now f u n c t i o n s  of n only-- the e n t i r e  dependence 
on t i m e  (novie) and f requency  i s  e x p l i c i t l y  shown. As could e a s i l y  have 
been guessed ,  t h i s  i s  no d i f f e r e n t  t h a n  t h e  low-frequency p a r t  of F i g .  5. 
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But for high frequencies there are a few particles with sufficiently 
small pitch angles that the exponential cutoff has not yet affected their 
radiation. 
integra t ion : 
This may best be calculated by interchanging the order of 
min[x x ,  arcsin(xvc/v) 1/3 3 
dx = /b" dx de . 
3 
de Jrn 
vsin e/vc 
( 4 . 3 . 1 3 )  
Since only values x ,< 1 are important, for high frequencies the second 
upper limit on 8 will prevail. In order to bring the dependence on V 
out of the limit of integration we define z = (v/v x) ' l3  sin 9, which 
finally leads to 
C 
v >> VC(+ II, t): 
( 4 . 3 . 1 4 )  
This approximation also requires n > 1, actually for the same reason, 
so that the z integration will converge. The result, as sketched in 
Fig. 6 ,  is again a power-law radiation spectrum, but with an index 
+ 1  S - -  4 s  high 3 low 
and an intensity decreasing in time as 
( 4 . 3 . 1 5 )  
3 at 'high 1 ( 4 . 3 . 1 6 )  
-2 
which must be faster than t . These are the results stated by 
Kardashev. Again, we have equations with which the exact shape of the 
kink could be calculated if there were need for it. 
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FIG. 6 .  THE SPECTRUM OF FIG. 4 AVERAGED OVER AN ISOTROPIC 
DISTRIBUTION OF RADIATING PARTICLES. 
I V .  Cont inuous I n j e c t i o n  of E n e r g e t i c  P a r t i c l e s  
There  is one f i n a l  e x t e n s i o n  of t h e s e  resu l t s  which i n v o l v e s  no o t h e r  
p r o c e s s e s  i n  an e x p l i c i t  way. Suppose t h a t ,  r a t h e r  t h a n  a s i n g l e  burs t  
of e n e r g e t i c  p a r t i c l e s  a s  s t u d i e d  i n  S e c t i o n  111, t h e r e  i s  a cont inuous  
i n j e c t i o n  of e n e r g e t i c  p a r t i c l e s  so t h a t  (4.2,lO) is  g e n e r a l i z e d  t o  
aF - a (p4F) + Q ( p , e , t )  . 2  - _  at P P 
( 4 . 4 . 1 )  
The source f u n c t i o n  Q must r e p r e s e n t  "sudden" i n j e c t i o n ,  e i t h e r  from a 
d i f f e r e n t  r e g i o n  of space ,  o r  from a f a s t  a c c e l e r a t i o n  p r o c e s s ,  o r  from 
t h e  sudden appearance of new p a r t i c l e s  from n u c l e a r  r e a c t i o n s ,  e t c . ;  t h e  
P o i n t  is t h a t  t h i s  does n o t  i n c l u d e  any cont inuous  a c c e l e r a t i o n  p r o c e s s  
which proceeds  so s l o w l y  t h a t  i t  must compete w i t h  r a d i a t i o n  loss to  g e t  
t h e  p a r t i c l e s  up t o  t h e  energy of " i n j e c t i o n . "  The l e t t e r  c a s e  w i l l  be 
d e a l t  w i t h  i n  t h e  n e x t  c h a p t e r .  
-
65 
A genera l  s o l u t i o n  t o  ( 4 . 4 . 1 )  may be w r i t t e n  by i n t e g r a t i n g  ( 4 . 3 . 3 )  
o v e r  a l l  times p r e v i o u s  t o  t .  I t  is convenient  to  change t h e  o r i g i n  
so t h a t  t = 0 now s t a n d s  f o r  t h e  p r e s e n t  t i m e ,  and w e  o b t a i n  
I n  p a r t i c u l a r ,  i f  Q is  c o n s t a n t  i n  t i m e  t h e  v a r i a b l e  of i n t e g r a t i o n  may 
be changed from t t o  p '  = p / ( l + L p t ) ,  which g i v e s  
( 4 . 4 . 3 )  
T h i s  would a l s o  have been o b t a i n e d  d i r e c t l y  by a s k i n g  f o r  a s t a t i o n a r y  
s o l u t i o n  of ( 4 . 4 . 1 ) .  - b o + 2  1 
F i n a l l y ,  if w e  should  have a power-law Q = A(8)p t h i s  would 
become 
i n d i c a t i n g  t h a t  t h e  r a d i a t i o n  l o s s  s t e e p e n s  t h e  i n j e c t e d  spectrum by one  
power. Since t h e r e  is  no c u t o f f  involved  h e r e ,  t h e  dependence on 8 does 
n o t  m a t t e r  and the  r a d i a t i o n  spectrum is  g i v e n  by 
%(no-2) -%no 
I ( V )  a B V ( 4 . 4 . 5 )  
1 
( 4 . 4 . 4 )  
For  no < 1 i t  i s  n e c e s s a r y  t h a t  Q have a c u t o f f  a t  some pmax, * t h e n  
-4 and I ( V )  - w e  would have F ( p , 8 )  - p up t o  a s h a r p  c u t o f f  a t  'ma, f% - x a t  l o w  f r e q u e n c i e s  w i t h  a t u r n o v e r  somewhat l i k e  t h a t  i n  F i g .  6 .  
now, b u t  t h e  subject  w i l l  n o t  be pursued  h e r e  T h i s  would depend on A ( e )  
s i n c e  va lues  of n t h i s  l o w  a r e  u n l i k e l y  t o  concern  u s  anyhow. 
0 
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Equation (4.4.5) is involved along with (4.3.12) in the Kellermann 
proposal,"' and (4.4.3) has been used by followers of Alfven to discuss 
102 radiation from the electron debris of proton-antiproton annihilation. 
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Chapter  5 
MODELS OF CUMSIhiD EFFECTS 
I .  I n t r o d u c t i o n  
W e  should  c l e a r l y  s t a t e  here a p o i n t  which w i l l  be b a s i c  f o r  t h i s  
and t h e  f o l l o w i n g  c h a p t e r :  The phenomena involved  i n  t h i s  s t u d y  ex tend  
ove r  a wide range ,  u s u a l l y  a number of decades ,  i n  such  independent  v a r i -  
a b l e s  a s  p a r t i c l e  energy  and r a d i a t i o n  f r equency .  When t h e s e  v a r i a b l e s  
a r e  cons ide red  on l o g a r i t h m i c  s c a l e s ,  even  a compl ica ted  e q u a t i o n  de- 
s c r i b i n g  many e f f e c t s  w i l l  u s u a l l y  reduce i n  c e r t a i n  sub ranges  t o  a ba l -  
ance between two dominant terms. I n s o f a r  a s  w e  can c o n s i d e r  e f f e c t s  one 
p a i r  a t  a t i m e  and avoid t h e  problem of j o i n i n g  t h e s e  r e g i o n s ,  t h e  a n a l y s i s  
w i l l  c e r t a i n l y  be s i m p l e r .  But t h e s e  t r a n s i t i o n s  from one r e g i o n  o r  p a i r  
of terms t o  ano the r  a r e  o r d i n a r i l y  smooth, and t a k e  p l a c e  w i t h i n  roughly  
one decade ,  so t h a t  an a t t empt  to ge t  v e r y  g e n e r a l  s o l u t i o n s  i n c l u d i n g  
t h r e e  o r  f o u r  effects  a t  once w i l l  seldom be j u s t i f i e d  by any th ing  t h a t  
can be  l e a r n e d  from them. That  i s ,  o b s e r v a t i o n a l  d a t a  a r e  u s u a l l y  n o t  of 
s u f f i c i e n t  accuracy  f o r  meaningful  d e t a i l e d  comparison w i t h  any p r e d i c t i o n  
w i t h i n  such  a s m a l l  r ange .  
W e  s h a l l  a l s o  sometimes make use of "model terms." T h i s  means t h a t  a 
t e r m  known t o  d e s c r i b e  a n  e f f e c t  c o r r e c t l y  may sometimes prove  inconve- 
n i e n t  t o  u s e ,  and w e  may s u b s t i t u t e  f o r  it some o t h e r  e x p r e s s i o n  which 
is  more t r a c t a b l e  f o r  s o l u t i o n ,  bu t  which w e  have r eason  t o  b e l i e v e  w i l l  
r e t a i n  t h o s e  e s s e n t i a l  c h a r a c t e r i s t i c s  of t h e  o r i g i n a l  e x p r e s s i o n  t h a t  a r e  
most impor t an t  t o  t h e  f i n a l  resu l t .  
11. S c a t t e r i n g  and R a d i a t i o n  
As the f i rs t  example, cons ide r  the e f f e c t  on a s p a t i a l l y  uniform 
p a r t i c l e  d i s t r i b u t i o n  of s imul taneous  r a d i a t i o n  l o s s  ( i n  an ave rage  f i e l d  
B) and s c a t t e r i n g  (by  magnet ic  f l u c t u a t i o n s  o r  o t h e r w i s e ) .  
t o  s t u d y  t r a n s i e n t  e f fec ts ,  i t  i s  e a s i e r  t o  assume a con t inuous  i s o t r o p i c  
power-law i n j e c t i o n  of p a r t i c l e s  and t h e n  t o  s t u d y  t h e  s t e a d y - s t a t e  s o l u -  
t i o n  of t h e  e q u a t i o n  
Ra the r  t han  
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2 2 -(n +2)  
dF] C;c s i n  8 a 4 0 + -  - [P F l  + Ap 
P a, 88 ae - =  aF a t  p2 s i n  8 5 " I  s i n  8 I' 
(5 .2 .1)  
Here C is t h e  c o n s t a n t  g iven  by ( 4 . 2 . 6 ) ,  and A i s  t h e  same q u a n t i t y  
g iven  by a p p e a r i n g  i n  (4 .4 .4)  bu t  is now be ing  assumed c o n s t a n t .  
(3.3.17), may depend on 8 and (perhaps o n l y  weakly)  on p ,  b u t  i t  
w i l l  be p o s s i b l e  t o  draw some c o n c l u s i o n s  by o n l y  u s i n g  a t y p i c a l  magni- 
t u d e  of F a s  i f  i t  were c o n s t a n t .  (The n o t a t i o n  F,  s e r v e d  i ts  
08 
purpose i n  Chapter  3, and t h e  b a r s  w i l l  n o t  be used below.) 
88' 
I? 
- 
Equat ion (4 .1 .1)  shows t h a t  t h e  power r a d i a t e d  by a p a r t i c l e  w i t h  
parameters  p and 8 w i l l  be a p p r e c i a b l y  a l t e r e d  by changes of o r d e r  
Ap-p and A W  s i n  8, and an e s t i m a t e  must be made a s  t o  which of t h e s e  
changes i s  more l i k e l y  t o  t a k e  p l a c e .  But from (5 .2 .1)  w e  may w r i t e  
2 
9 ( 5 . 2 . 2 )  1 C B ~  p2 s i n  e 
r 
- * -  ee 1 cv- 1 
2 T r a d  mc AP T s c a t t  P ( A d 2  ' 
so  t h e s e  terms w i l l  be of comparable importance a l o n g  an  I f inf luence  bound- 
a r y  I t  given  by 
2 2 s i n  8 = - Kp s i n  8 CB2 p2 
r 
88 1: 
2 2  mcP p s i n  8 
or 
3 4 3 
P s i n  e = r  88 / K S ~  0 .
(5.2.3) 
( 5 . 2 . 4 )  
W e  have i n d i c a t e d  i n  F i g .  7 how t h e  r a d i a t i o n  dominates  t h e  p a r t i c l e  t r a -  
j e c t o r i e s  i n  phase space  f o r  s u f f i c i e n t l y  l a r g e  p ,  where t h e  s o l u t i o n  
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must be g iven by ( 4 . 4 . 4 ) ,  and how sca t ter ing  w i l l  keep the d i s t r i b u t i o n  
funct ion  i s o t r o p i c  for small p even though the p a r t i c l e s  continue to  
r a d i a t e  with  an effective value 
3 2 
de s i n  8 = - 3 
2 rep lac ing  s i n  8 i n  ( 4 . 1 . 1 ) .  
A s imi lar  conclusion may be drawn more r igorous ly  by applying the  
Operator 
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2 
de  p s i n  8 
t o  ( 5 . 2 . 1 )  ( w i t h  dF/dt = 0 ) .  The p r e s e n c e  of any nonzero r’ p r e v e n t s  
s i n g u l a r i t i e s  i n  F a s  a f u n c t i o n  of 8,  so there i s  no q u e s t i o n  t h a t  
s i n  8 r (dF/&l) --* 0 a t  8 = 0,n: t h e  remaining e x p r e s s i o n  i s  comple te ly  
independent of r 
ee 
ee 
ee * 
F o r  n > 1 w e  may i n t e g r a t e  o v e r  p and o b t a i n  
0 
( 5 . 2 . 5 )  
(5 .2 .6)  
which i s  c l e a r l y  a g e n e r a l i z a t i o n  of ( 4 . 4 . 4 ) .  
t h a t  wherever F i s  i s o t r o p i c  ( a s  for  p << po)  i t s  dependence on p 
i s  determined a s  w e l l ,  and i n  f a c t  t h e  rep lacement  s i n  8 + 213 i s  a l s o  
c o r r e c t  i n  ( 4 . 4 . 4 ) .  
t h e  spectrum of r a d i a t i o n  which would come from t h i s  d i s t r i b u t i o n .  
From t h i s  i t  may be seen  
2 
T h i s  p r o v i d e s  s u f f i c i e n t  i n f o r m a t i o n  t o  i n v e s t i g a t e  
F igure  7 a l s o  i n d i c a t e s  how t h e  f r e q u e n c i e s  of maximum r a d i a t i o n  of 
the p a r t i c l e s  n e a r  t h e  i n f l u e n c e  boundary a r e  predominant ly  q u i t e  close 
t o  the value 
The r a d i a t i o n  a t  high f r e q u e n c i e s  (v >> v ) w i l l  be de termined  almost 
e n t i r e l y  by p a r t i c l e s  w i t h  p s i n  e >> po, f o r  which 3 4 3 
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’ .  
(5 .2 .8 )  
and t h e  r a d i a t i o n  a t  
p << po, f o r  which 
v << vo w i l l  come main ly  from p a r t i c l e s  w i t h  
( 5 . 2 . 9 )  
These may be used  i n  ( 4 . 3 . 6 ) ,  w i t h  the  same t r a n s f o r m a t i o n s  which l e d  
b e f o r e  t o  ( 4 . 3 . 1 2 ) ,  t o  f i n d  t h a t  
where t h e  r a t i o  of t h e  two c o n s t a n t  c o e f f i c i e n t s  may r e a d i l y  be c a l c u l a t e d :  
- 1 
2 
C 
C 
- -  
YzGo (” de  s i n  8 
J O  
x(n +4) 
e 0 d e  s i n  
2 ( n  +4)  
-** 
(5 .2 .11  1 
As no 
i n f i n i t y ,  t h i s  r a t i o  v a r i e s  o n l y  from 10/9 t o  2/3, and i n  f a c t  t h e  
most r e a s o n a b l e  v a l u e s  of n 
r a t i o  (22/21 t o  26/27) which are q u i t e  c l o s e  t o  u n i t y .  W e  see no 
r e a s o n  t o  e x p e c t  any th ing  o t h e r  than smooth j o i n i n g  of t h e s e  n e a r l y  iden-  
t i c a l  s o l u t i o n s  i n  t h e  r e g i o n  around 
a d d i t i o n  of s c a t t e r i n g  i n  p i t c h  angle cannot  be expec ted  t o  cause  any 
v a r i e s  from i ts  minimum allowed v a l u e  of one t o  a maximum of  
(perhaps  1.5 t o  2 . 5 )  g i v e  v a l u e s  f o r  t h i s  
y o ,  
so w e  must conclude t h a t  t h e  
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(5.3.1) dF 2K a 4 at = a;; [P FI + + 2 [P2 Deff $1 , 
3P P 
where the effective value of D (from Appendix D) is given by 
PP 
e r z z ]  . (5.3.2) Deff = f [' de[sin 3 e rtt + sin e cos 2 
becomes 2/3 rtt + 1/3 rzz. Deff If rtt and r are isotropic, zz 
In order to investigate stationary solutions, we set aF/at = 0, 
whereupon one integration may be immediately performed: 
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noticeable feature in the radiation spectrum of particles being contin- 
uously injected according to an isotropic power law (nor, probably, for 
any other reasonably similar injection spectrum). 
111. Stochastic Acceleration and Radiation 
We proceed to consider the behavior of the distribution function 
under the influence of statistical acceleration (nonzero rtt and 
as indicated qualitatively in Chapter 3, Section IV), but now with radia- 
tion loss also being taken into account. It proves unsatisfactory to 
begin straightforwardly with terms from (3.3.22) and (4.2.10), for the 
radiation and diffusion terms are in different coordinate systems and 
are not related to one another in form in such a way as to make the com- 
bination readily integrable. Instead, tractable "model terms" may be 
formed by supposing that strong scattering is present also and assuming 
that this keeps the distribution isotropic. 
(4.2.10), operate with 
zz ' 
Then we may use (D.5) and 
+ 1" de sin e , 
and obtain 
Deff = f [' de[sin e rtt + sin e cos 
= c o n s t a n t  . 2 4 2 dF 
Deff a~ - K p F + p  3 (5.3.3) 
which i s  s t r o n g l y  c u t  o f f  above some Def f  For  a p h y s i c a l l y  a c c e p t a b l e  
(pe rhaps  v e r y  h i g h ,  bu t  f i n i t e )  energy ,  
r a p i d l y  f o r  p -* ~0 and the cons t an t  i n  (5.3.3) must be z e r o .  Then t h e  
second i n t e g r a t i o n  i s  a l s o  e a s i l y  done, y i e l d i n g  
F must a l s o  approach ze ro  very  
( 5 . 3 . 4 )  
The  s i g n i f i c a n c e  of t h i s  e x p r e s s i o n  may be seen  from t h e  f o l l o w i n g  ex- 
amples. F i r s t ,  i n  any r e g i o n  of p where D i s  c o n s t a n t ,  e f f  
F (P)  - exp[- (P/Po)3] ; 
t h i s  r e p r e s e n t s  roughly  a s t eepen ing  by  t h e  r a d i a t i o n  of t h e  spectrum 
( 3 . 4 . 1 ) .  Second, f o r  F e r m i ' s  a c c e l e r a t i o n  mechanism Deff  - P and 
I n  b o t h  of t h e s e  c a s e s  t h e r e  i s  a c h a r a c t e r i s t i c  momentum 
( 9 ~ / 2 ~ ) l / ~  and (3D/pK)lI2, r e s p e c t i v e l y ]  which p l a y s  the r o l e  of an 
i n f l u e n c e  boundary between d i f f u s i o n  and r a d i a t i o n  terms, o r  a b a r r i e r  
beyond which p a r t i c l e s  cannot  r e a d i l y  d i f f u s e .  L ikewise  i n  bo th  t h e s e  
c a s e s  t h e  r a d i a t i o n  spectrum would be de te rmined  e n t i r e l y  by p a r t i c l e s  
with 
t i c l e  r a d i a t i o n ;  t h u s  n e i t h e r  c a s e  would s a t i s f a c t o r i l y  e x p l a i n  a t y p i c a l  
obse rved  power-law r a d i a t i o n  spectrum a s  t h e  r e s u l t  of a s t e a d y - s t a t e  
combina t ion  of s t o c h a s t i c  a c c e l e r a t i o n  and r a d i a t i o n  l o s s .  
[equal  t o  
and i t s  shape  would be approximate ly  t h a t  f o r  s i n g l e - p a r -  
T h i r d ,  t h e  form of d i f f u s i o n  c o e f f i c i e n t  which E account  f o r  a 
power-law spectrum of p a r t i c l e s  (and s o  of r a d i a t i o n  a l s o )  is c l e a r l y  
D e f f  cv P 8 and t h e  r e s u l t i n g  spectrum exponent is  
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3 
ef f 
- 2 K p - 2 ,  
3D n -  (5.3.5) 
but  t h i s  n must be g r e a t e r  than two. A s  was p o i n t e d  o u t  i n  Chapter  3, 
t h e  r e l a t i v i s t i c  v a r i a t i o n  of gyrofrequency w i t h  energy  may make such  a 
Deff  
F i r s t ,  the  l a r g e r  t h e  range i n  p o v e r  which F is to  v a r y  as p , 
the more c r i t i c a l  i t  is  t h a t  t he  exponent  of p be very  close t o  t h r e e .  
Second, t h i s  i s  s u b j e c t  to  t h e  same o b j e c t i o n  a s  t h e  o r i g i n a l  Fermi 
model, t h a t  t h e  exponent n is  determined by a r a t i o  of t w o  a p p a r e n t l y  
u n r e l a t e d  q u a n t i t i e s ;  then  t h e  o b s e r v a t i o n  of v a l u e s  of n q u i t e  s i m i l a r  
t o  one another  and a l l  of t h e  o r d e r  of u n i t y  must be i n t e r p r e t e d  e i t h e r  
a s  a c c i d e n t a l  or  a s  t h e  r e s u l t  of a d e e p e r  r e l a t i o n s h i p  which remains t o  
be e l u c i d a t e d .  
p o s s i b l e ,  bu t  there would s t i l l  be t w o  weaknesses i n  such a model. 
-n 
m F i n a l l y ,  f o r  D - p w i t h  any m > 3 t h e  formula  ( 5 . 3 . 4 )  b r e a k s  
ef f 
down, g i v i n g  an e s s e n t i a l  s i n g u l a r i t y  f o r  p + 0 and an unnormal izable  
f l a t  spectrum for  p + 03. T h i s  means t h a t  i n  o r d e r  t o  c o n s i d e r  such  a 
c a s e  one would have to  e x p l i c i t l y  t a k e  i n t o  account  t h e  e v e n t u a l  dropoff  
f o r  l a r g e  
D e f f  
of 
An e f f e c t  which 
c u s s i o n  above is t h e  
P .  
IV . 
h a s  n o t  
l o s s  of 
Loss of P a r t i c l e s  
been taken  i n t o  account  i n  any of  t h e  d i s -  
e n e r g e t i c  p a r t i c l e s  from t h e  system i n  
q u e s t i o n .  T h i s  might r e p r e s e n t  i n e l a s t i c  c o l l i s i o n s  ( n u c l e a r  o r  elemen- 
t a r y - p a r t i c l e  i n t e r a c t i o n s )  i n  which one of t h e  p a r t i c l e s  r e p r e s e n t e d  by 
the d i s t r i b u t i o n  f u n c t i o n  F suddenly  loses an  a p p r e c i a b l e  f r a c t i o n  of 
i t s  energy or even d i s a p p e a r s  ( w i t h  p a r t i c l e s  of some o t h e r  k i n d  appear -  
i n g  i n s t e a d ) ;  o r  it might be t h e  r e s u l t  of p a r t i c l e s  e s c a p i n g  from a 
f i n i t e  region of space  i n  which t h e y  were g e n e r a t e d .  These p i c t u r e s  
were involved,  s e p a r a t e l y ,  i n  Fermi's t w o  p r i n c i p a l  p a p e r s  on cosmic-ray 
t h e o r y  ; 
W e  s h a l l  c o n t i n u e  i n  t h i s  s e c t i o n  t o  suppose  t h a t  t h e r e  is  s u f f i c i e n t  
s c a t t e r i n g  t o  keep t h e  d i s t r i b u t i o n  f u n c t i o n  i s o t r o p i c ,  so  t h a t  o n l y  i t s  
dependence on t o t a l  momentum p (or e n e r g y )  must be c o n s i d e r e d .  
b u t  a more g e n e r a l  t r e a t m e n t  t h a n  h i s  w i l l  be g i v e n  h e r e .  
38,39 
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The f i r s t  c a s e  w e  s h a l l  t a k e  up is  t h a t  of t h e  loss of p a r t i c l e s  
which a r e  be ing  s t o c h a s t i c a l l y  a c c e l e r a t e d .  I f  a ( p )  r e p r e s e n t s  t h e  
p r o b a b i l i t y  p e r  u n i t  t i m e  t h a t  a p a r t i c l e  of momentum p w i l l  be l o s t ,  
t he  equa t ion  r e p r e s e n t i n g  t h e s e  two p r o c e s s e s  i s  
(5.4.1) 
The g e n e r a l  s t e a d y - s t a t e  s o l u t i o n  of t h i s  equa t ion  cannot  r e a d i l y  be w r i t -  
t e n ,  and o n l y  a very  l i m i t e d  i n v e s t i g a t i o n  w i l l  be made here. Suppose 
t h a t  a l l  the  f u n c t i o n s  i n  t h i s  equa t ion  a r e  approximated by power laws 
o v e r  some range  of momenta: 
m m t  - (n+2)  
Deff = bP , a = a p  , F - P  
A s t e a d y  s t a t e  r e q u i r e s  t h a t  t h e  exponents  have t h e  v a l u e s  
a/b 
n + 2 '  
m ' = m - 2 ,  m = n + l -  
( 5 . 4 . 2 )  
( 5 . 4 . 3 )  
SO t h a t  the r e l a t i v e  importance of D w i t h  respect t o  a must i n -  
c r e a s e  s t r o n g l y  w i t h  p t o  suppor t  t h e  p a r t i c l e  d i s t r i b u t i o n  i n  t h i s  
s t a t e .  Fo r  g iven  m ,  n 2 m - 1 and i n c r e a s e s  w i t h  a/b,  which demon- 
s t r a t e s  t h e  expec ted  s t e e p e n i n g  of t h e  d i s t r i b u t i o n  f u n c t i o n  by t h e  l o s s  
term. F u r t h e r  comments must depend on  c o n s i d e r a t i o n  of what v a l u e s  of 
m and m '  a r e  w i t h i n  r e a s o n .  
eff 
If a r a d i a t i o n  term [ a s  i n  ( 5 , 3 . 1 ) ]  is added t o  ( 5 . 4 . 1 ) ,  t h e  above 
p rocedure  is  l i m i t e d  t o  t h e  c a s e  m = 3, f o r  which 
( 5 . 4 . 4 )  
I n  t h e  l i m i t  a --* 0 t h i s  a g r e e s  wi th ,  and s l i g h t l y  c l a r i f i e s ,  equa t ion  
(5 .3 .5 ) .  
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F o r  t h e  c o n t r a s t i n g  c a s e  of l o s s  of " i n j e c t e d t t  p a r t i c l e s ,  t h e  func-  
t i o n  QI ( p  ) may be g e n e r a l i z e d  t o  a ( p , T ) ,  t h e  p r o b a b i l i t y  p e r  u n i t  
t i m e  t h a t  a p a r t i c l e  of momentum p - and age  T s i n c e  i n j e c t i o n  w i l l  be 
los t .  If o n l y  t h e  i n j e c t i o n  and loss terms a r e  taken  i n t o  account  t h e  
problem i s  t r i v i a l ,  so r a d i a t i o n  w i l l  a l s o  be i n c l u d e d  now. I n  e i t h e r  
of t w o  l i m i t s  t h i s  c a s e  may be s o l v e d  e x p l i c i t l y .  F i r s t ,  c o n s i d e r  
a ( p , ~ )  + a(T), 
d e s c r i p t i o n  may apply  when the loss r e p r e s e n t s  escape  from a f i n i t e  re- 
gion of space and may be approximate ly  c h a r a c t e r i z e d  by P t r a n s i t  t i m e  
from p o i n t  of i n j e c t i o n  t o  boundary. Then t h e  s t e a d y - s t a t e  s o l u t i o n  is 
where t h e  p r o b a b i l i t y  of loss depends o n l y  upon a g e ;  t h i s  
i t s  d e r i v a t i o n  i s  o m i t t e d  because i t  i s  a s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n  
of (4.4.3). 
s u r v i v a l  of a p a r t i c l e  f o r  t h e  t i m e  
The new q u a n t i t y  i n  b r a c k e t s  i s  s imply t h e  p r o b a b i l i t y  of 
(5,4.6) 
i n  which t h e  i n j e c t i o n  momentum p '  would d e c r e a s e  t o  p under  t h e  i n -  
f l u e n c e  of t h e  r a d i a t i o n  l o s s .  I n  p a r t i c u l a r ,  i t  might  be supposed t h a t  
t h e  escape  p r o c e s s  i s  approximated by a s s i g n i n g  t h e  same l ifetime 
every  p a r t i c l e ;  t h i s  would make a(T) = 6(T-To) and 
To t o  
(5.4.7) 
w i t h  
p o = 1 - 2 K p 7 0 / 3 .  (5.4.8) 
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Such a model was used by Ekspong, Yamdagni, and Bonnevier i n  t h e  l a t t e r  
p a r t  of t h e i r  a r t i c l e  t o  i n v e s t i g a t e  t h e  e f f e c t  of p a r t i c l e  loss upon 
t h e  s p e c t r a  t h e y  had p r e v i o u s l y  c a l c u l a t e d  on t h e  b a s i s  of  ( 4 . 4 . 3 ) ,  a s  
no ted  a t  t h e  end of Chapter  4 .  
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I n  t h e  o p p o s i t e  l i m i t  where a ( p , T )  + CX(p), t h e  e q u a t i o n  
aF 2K a [p4F] + Q - aF & = T a p  
3P  
has  t h e  s t e a d y - s t a t e  s o l u t i o n  
where 
( 5 . 4 . 9 )  
( 5 . 4 . 1 0 )  
( 5 . 4 . 1 1 )  
The meaning of t h i s  r e s u l t  may be c l a r i f i e d  by w r i t i n g  i n s t e a d  t h e  l o c a l  
e f f e c t i v e  v a l u e  of t h e  energy spectrum exponent ,  
( 5 . 4 . 1 2 )  
The middle  t e r m  shows t h a t  a ( p )  tends  t o  d e c r e a s e  n e f f 9  and h a s  t h e  
s i m p l e  i n t e r p r e t a t i o n  t h a t  each p a r t i c l e  removed is  one which would o t h e r -  
W i s e  c o n t r i b u t e  t o  t h e  spectrum a t  immediately lower e n e r g i e s ,  so t h a t  
t h e  spec t rum must be f l a t t e n e d  by t h i s  loss a t  t h e  v a l u e  of p where i t  
e f f  Occurs .  But t h e  l a s t  term shows the  o p p o s i t e  e f f e c t  of i n c r e a s i n g  n 
a l o n g  w i t h  a ( p ) ,  because if t h e  f l u x  of p a r t i c l e s  from h i g h e r  e n e r g i e s  
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is  c u t  down then  t h e  l o c a l  i n j e c t i o n  
f l u e n c e ,  w i l l  become r e l a t i v e l y  more i m p o r t a n t .  Thus no g e n e r a l  s t a t e -  
m e n t  can be made about how l o s s  of p a r t i c l e s  accord ing  to  
i n f l u e n c e  t h e  shape of t h e  spectrum. 
same is t rue  of l o s s  accord ing  t o  
Q ( p ) ,  which i s  a s t e e p e n i n g  i n -  
a ( p )  w i l l  
S tudy of ( 5 . 4 . 5 )  shows t h a t  t h e  
a(T). 
The o n l y  c i rcumstance  i n  which ( 5 . 4 . 1 2 )  w i l l  y i e l d  an a c t u a l  power- 
law spectrum (n independent of p )  is when a ( p )  = ap,  a s  was t h e  
c a s e  w i t h  ( 5 . 4 . 4 ) .  
e f f e c t  i s  a decrease  i n  t h e  magnitude of F by a f a c t o r  
e f f  
But t h i s  dependence i s  e x a c t l y  such  t h a t  i t s  o n l y  
n - 1  
0 
n -1+ (3a/2K] ' 
0 
w i t h  t h e  exponent 
i n  t h e  absence of 
v.  
T h i s  s e c t i o n  
r e t a i n i n g  t h e  v a l u e  n = n + 1 which i t  would have 
loss, a s  shown by ( 4 . 4 . 4 ) .  
e f f  0 
T r a n s i e n t s ,  T o t a l  E n e r g i e s ,  and R a t i o s  
c o n t a i n s  b r i e f  comments on a f e w  m i s c e l l a n e o u s  t o p i c s .  
F i r s t ,  t h e r e  is t h e  q u e s t i o n  of t ime-dependent s p e c t r a ,  s i n c e  t h e  p r e -  
ceding  s e c t i o n s  have emphasized t h e  d e s c r i p t i o n  of s t e a d y  s t a t e s .  The 
q u a l i t a t i v e  answer f o l l o w s  from i n s p e c t i o n  of t h e  v a r i o u s  terms used i n  
e q u a t i o n s  ( 4 . 4 . 1 ) ,  (5 .3 .1) ,  and ( 5 . 4 . 1 ) .  
j e c t i o n  Q ( p )  o r  a d e c r e a s e  i n  t h e  l o s s  r a t e  oI(p) w i l l  c l e a r l y  a l l o w  
F ( p )  t o  i n c r e a s e  i n  time toward some h i g h e r  e q u i l i b r i u m  v a l u e ,  b u t  t h e  
e f f e c t  of t h e  o t h e r  two terms i s  s l i g h t l y  more compl ica ted .  I n  t h e  nor -  
mal c a s e  f o r  which F i s  d e c r e a s i n g  and concave upward a s  a f u n c t i o n  Of 
p ,  an i n c r e a s e  i n  
i n c r e a s e  i n  dD/ap w i l l  make F d e c r e a s e  i n  t i m e  a t  a g i v e n  p ;  t h i s  
must n o t  be confused w i t h  t h e  e f fec t  of D on t h e  t o t a l  energy  of  a l l  
p a r t i c l e s ,  a s  shown below. The e f f e c t  o f  a d e p a r t u r e  of aF/ap from 
what would be an e q u i l i b r i u m  v a l u e  is n o t  u n i q u e l y  connected t o  
f o r  i t  e n t e r s  i n  o p p o s i t e  ways i n t o  t h e  r a d i a t i o n  and a c c e l e r a t i o n  terms. 
A "young" i n c r e a s i n g  spectrum could  be o v e r l y  s t e e p  where a c c e l e r a t i o n  
dominates ,  t h e  s t e e p n e s s  i tself  enhancing  t h e  r e l a t i v e  importance of  t h e  
An i n c r e a s e  i n  t h e  r a t e  of in -  
( p )  w i l l  t end  t o  i n c r e a s e  F i n  t i m e ,  b u t  an Deff  
a F / a t ,  
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a c c e l e r a t i o n ;  o r  i t  could be o v e r l y  f l a t  under  t h e  predominant i n f l u e n c e  
of r a d i a t i o n ,  t h e  i n c r e a s e  i n  t i m e  a t  a g iven  p be ing  due t o  t h e  down- 
ward f l u x  i n  energy of an e x c e s s  of higher-energy p a r t i c l e s .  Some numer- 
i c a l  c a l c u l a t i o n s  of t r a n s i e n t  s p e c t r a  a r e  i n c l u d e d  i n  Kel le rmann ' s  
a r t ic le ;" '  t h e y  demonst ra te  var ious  e f f e c t s  of r a d i a t i o n  upon p a r t i c l e s  
which a r e  i n j e c t e d  i n  r e p e a t e d  b u r s t s ,  a l l  of which have been d e a l t  w i t h  
a t  l e a s t  q u a l i t a t i v e l y  i n  t h i s  and t h e  p r e c e d i n g  c h a p t e r .  
Another q u a n t i t y  which may sometimes be of i n t e r e s t  is t h e  t o t a l  
k i n e t i c  energy  d e n s i t y  c o n t a i n e d  i n  a l l  p a r t i c l e s  w i t h  e n e r g i e s  above 
some given v a l u e .  T h i s  i s  d e f i n e d  b y  
and i f  a t t e n t i o n  is l i m i t e d  t o  t h e  r e l a t i v i s t i c  r e g i o n  p >> m c  and 
t o  an i s o t r o p i c  d i s t r i b u t i o n  f u n c t i o n ,  i t  is  e a s i l y  found t h a t  
0 
AS an a l t e r n a t i v e  t o  i n j e c t i o n  or s t o c h a s t i c  a c c e l e r a t i o n ,  t h e  term 
h a s  been added h e r e  t o  r e p r e s e n t  any s t e a d y ,  nonrandom f o r c e  which may 
be working t o  a c c e l e r a t e  p a r t i c l e s ;  a l l  o t h e r  symbols have appeared i n  
P r e v i o u s  e q u a t i o n s .  If it were d e s i r e d  t o  c o n s i d e r  3 i n  any of t h e  
P r e c e d i n g  s e c t i o n s ,  t h i s  could be done by n o t i n g  t h a t  it always e n t e r s  
t h e  e q u a t i o n s  i n  t h e  same way a s  does 
3 ( p )  
2 
-(2/3)Kp . 
F i n a l l y ,  w e  s h a l l  have occasion i n  t h e  n e x t  c h a p t e r  t o  d i s c u s s  
whether  some informat ion  may be found about  t h e  r e l a t i v e  magnitude, shape ,  
and/or t o t a l  energy  c o n t e n t  of the  d i s t r i b u t i o n  f u n c t i o n s  f o r  t w o  d i f f e r -  
e n t  s p e c i e s  of p a r t i c l e s  i n  t h e  same r e g i o n  of space ,  when n e i t h e r  f u n c t i o n  
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i s  known i n d i v i d u a l l y  i n  d e t a i l .  For t h e  purpose of e v e n t u a l  f u r t h e r  
e x p l o r a t i o n  along t h a t  l i n e ,  w e  d e r i v e  an e q u a t i o n  h e r e  f o r  t h e  r a t i o  of 
p r o t o n  and e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n s ,  
(5.5.3) 
b o t h  f u n c t i o n s  a r e  be ing  assumed i s o t r o p i c  aga in  f o r  s i m p l i c i t y ,  i n  t h e  
llmodel t e r m "  sense mentioned a t  t h e  beginning  of t h i s  c h a p t e r .  " In jec-  
t i o n "  terms a r e  n o t  w e l l  s u i t e d  t o  t h e  p r e s e n t  argument and a r e  o m i t t e d ,  
and o n l y  e n e r g i e s  w e l l  above one BeV a r e  c o n s i d e r e d ,  so t h a t  t h e  t w o  
s p e c i e s  w i l l  have e s s e n t i a l l y  i d e n t i c a l  k i n e m a t i c  p r o p e r t i e s .  Then t h e  
a c c e l e r a t i n g  f o r c e  S ( p )  w i l l  be t h e  same f o r  b o t h ;  i f  waves of o p p o s i t e  
D e f f ( P )  c i r c u l a r  p o l a r i z a t i o n s  and z - v e l o c i t i e s  have e q u a l  s t r e n g t h s ,  
w i l l  a l s o  be the same; t h e  l o s s  r a t e  a ( p )  would be t h e  same f o r  loss 
by e s c a p e ,  but i n s o f a r  a s  it r e p r e s e n t s  loss b y  n u c l e a r  r e a c t i o n  i t  may 
be q u i t e  d i f f e r e n t ;  and s i n c e  K depends upon rest mass a s  t h e  n e g a t i v e  
f o u r t h  power, t h e  r a d i a t i o n  term may be set t o  z e r o  f o r  t h e  p r o t o n s .  
Then t h e  d i s t r i b u t i o n  f u n c t i o n s  i n  t h e s e  approximat ions  s a t i s f y  
l a  aF .  = - 1 - a [p2(i  6je Kp2 - Ff(p))Fj] + 7 bp [P2 Deff 
a t  p2 ap P 
(5.5.4) 
Now t h e  e q u a t i o n  f o r  e l e c t r o n s  (j = e )  is m u l t i p l i e d  by R ( P , t ) ,  
and i n  t h e  equat ion  f o r  p r o t o n s  ( j  = p )  Fp is  r e p l a c e d  by W e ;  t h e  
d i f f e r e n c e  between t h e s e  two r e s u l t s  g i v e s  t h e  d e s i r e d  e q u a t i o n  f o r  R ,  
w i t h  o n l y  a weak dependence on F : e 
(5.5.5) 
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A l i m i t a t i o n  on t h e  u s e  of t h i s  equat ion  i s  t h a t  a r e a s o n a b l e  boundary 
c o n d i t i o n  must be s u p p l i e d  a t  some minimum energy .  A s i m i l a r  procedure 
might be fo l lowed f o r  t h e  r a t i o s  of numbers of h e a v i e r  p a r t i c l e s  of 
charge Z t o  number of p r o t o n s  ( f o r  a p p l i c a t i o n  t o  t h e  cosmic-ray abun- 
dance problem),  but i t  would be made more d i f f i c u l t  by t h e  dependence of 
F. and ( e s p e c i a l l y )  D upon Z .  e f f  
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Chapter 6 
ASTROPHYSICAL APPLICATIONS 
I .  I n t r o d u c t i o n  
t 
The t h e o r y  developed i n  t h e  preceding c h a p t e r s  i s  now to  be compared 
w i t h  the  o b s e r v a t i o n a l  ev idence  about t h e  a c t u a l  occur rence  of high-energy 
p a r t i c l e s  i n  n a t u r e .  The main emphasis of t h i s  d i s u c s s i o n  w i l l  be upon 
q u a s a r s ,  because of t h e i r  g r e a t  c u r r e n t  i n t e r e s t ,  because of t h e  impor- 
t a n t  unsolved problems t h e y  p r e s e n t ,  and because t h e y  seem to be the most 
o u t s t a n d i n g  examples of the g e n e r a l  high-energy phenomenon. Radio g a l -  
a x i e s ,  supernovae,  cosmic r a y s ,  e t c . ,  w i l l  be mentioned i n  p a r a l l e l  when- 
e v e r  i t  seems t h a t  t h e y  can a i d  our  u n d e r s t a n d i n g .  
When t h i s  s t u d y  was undertaken,  it was n o t  a n t i c i p a t e d  t h a t  such  a 
f u l l  development of t h e  a b s t r a c t  s t o c h a s t i c  a c c e l e r a t i o n  problem would be 
i n c l u d e d .  But s i n c e  t h a t  h a s  proved n e c e s s a r y ,  t h e r e  h a s  been a corre- 
sponding r e d u c t i o n  i n  the  e f f o r t  which could  be devoted t o  t h e  m a t e r i a l  
of t h i s  c h a p t e r ,  so i t  w i l l  be understood t h a t  t h i s  is  o n l y  a p r e l i m i n a r y  
t r e a t m e n t  of the a p p l i c a t i o n s .  That is, p a r t  of t h e  o r i g i n a l  program re- 
mains t o  be completed,  and one of t h e  most impor tan t  g o a l s  of t h i s  c h a p t e r  
i s  t o  i n d i c a t e  i n  what d i r e c t i o n s  f u r t h e r  s t u d y  should  proceed i n  o r d e r  t o  
r e a l i z e  t h e  f u l l  p o t e n t i a l  of both  t h e  t h e o r y  and the  o b s e r v a t i o n a l  d a t a .  
11. S p a t i a l  S t r u c t u r e s  
The f u n c t i o n  of t h i s  s e c t i o n  w i l l  be l a r g e l y  t o  provide  some founda- 
t i o n  fo r  t h e  f o l l o w i n g  one,  where t h e r e  w i l l  be a more d i r e c t  r e l e v a n c e  
of t h e  d a t a  t o  t h e  models of t h e  preceding  c h a p t e r s .  Only the o r i g i n  of  
t h e  cont inuous  spectrum of e l e c t r o m a g n e t i c  r a d i a t i o n  i s  cons idered  here; 
the emiss ion  and a b s o r p t i o n  l i n e s  p r e s e n t  a f o r m i d a b l e  problem by them- 
s e l v e s ,  and t h e y  Seem t o  a r i s e  most ly  i n  r e g i o n s  and c o n d i t i o n s  which 
d i f f e r  from t h o s e  f o r  t h e  continuum. There a l s o  seems t o  be an a n t i c o r -  
r e l a t i o n  between t h e  presence  of absorp t ion  l i n e s  and of the  v a r i a t i o n s  
which a r e  t o  be c o n s i d e r e d  below. lo3 Thus t h e  f o l l o w i n g  remarks w i l l  con- 
c e r n  t h e  c e n t r a l  "poin t  sources," t h e  o p t i c a l  jets o r  f i l a m e n t s  a s s o c i a t e d  
w i t h  a f e w  of t h e s e  o b j e c t s ,  and the e x t e r n a l  r a d i o  c l o u d s .  
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By "point s o u r c e "  w e  mean t h e  very  compact c e n t r a l  o b j e c t  r e f e r r e d  
t o  by t h e  o p t i c a l  i d e n t i f i c a t i o n  of a q u a s a r ,  which a p p a r e n t l y  i s  t h e  
s i t e  of the o r i g i n a l  e x p l o s i o n  t h a t  produces t h e  o t h e r  phenomena. W e  
s h a l l  n o t  a t tempt  t o  use  any of o u r  resu l t s  above t o  account  f o r  t h e  high-  
f requency  r a d i a t i o n  of t h e  p o i n t  s o u r c e ,  f o r  i t  probably  cannot  be syn- 
c h r o t r o n  r a d i a t i o n .  T h i s  has  been argued on t h e  b a s i s  of compet i t ion  
104 ,48  
from t h e  i n v e r s e  Compton p r o c e s s  by Hoyle, Burbidge,  and S a r g e n t .  
A l s o ,  Hazard, G u l k i s ,  and Bray have p o i n t e d  out t h a t  D e n t ' s  observa-  
t i o n  of v a r i a t i o n  a t  8000 Megacycles i n  t h e  s o u r c e  3C273B, lo6 t o g e t h e r  
w i t h  t h e  absence of s e l f - a b s o r p t i o n  down t o  a t  l e a s t  410 M c ,  i m p l i e s  (on 
t h e  assumption of  cosmological  d i s t a n c e )  e i t h e r  t h a t  t h e r e  i s  a remarkably 
g r e a t  change i n  angular  s i z e  of t h e  source between f r e q u e n c i e s  1420 and 
8000 Mc o r  e l s e  t h a t  t h e  r a d i a t i o n  cannot  be from t h e  synchro t ron  mecha- 
nism. Ginzburg and O ~ e r n o i ~ ~  have p r e s e n t e d  a c a s e  f o r  a c o l l e c t i v e  r a -  
d i a t i o n  mechanism, which d e s e r v e s  f u r t h e r  i n v e s t i g a t i o n ;  t h i s  seems t o  
be t h e  only  r e a s o n a b l e  way, i f  t h e  q u a s a r  r e d s h i f t s  a r e  cosmological ,  t o  
account f o r  t h e  observed h i g h  b r i g h t n e s s  t e m p e r a t u r e s .  
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The j e t  a s s o c i a t e d  w i t h  X 2 7 3  i s  t h e  most s t r i k i n g  example of a phe- 
nomenon a l s o  observed i n  such  s o u r c e s  a s  3C48, X 2 7 9 ,  3C287, and M87. 
These provide important  ev idence  about t h e  a g e s  of t h e s e  o b j e c t s  and about  
t h e  v i o l e n t  n a t u r e  of t h e  u n d e r l y i n g  e x p l o s i o n s .  They can be i n t e r p r e t e d  
somewhat independent ly  of t h e  more d r a s t i c  c o n d i t i o n s  i n  t h e  n u c l e u s  of  
a q u a s a r ,  and t h e i r  r a d i a t i o n  d e f i n i t e l y  seems due t o  t h e  s y n c h r o t r o n  
mechanism. Recent o b s e r v a t i o n s  of p o l a r i z a t i o n s  a t  6-cm wavelength i n d i -  
c a t e  an average magnet ic  f i e l d  p a r a l l e l  to  t h e  j e t  or  n e b u l o s i t y  i n  
each  of t h e  sources mentioned above, S i m i l a r  e v i d e n c e  h a s  been o b t a i n e d  
a t  o p t i c a l  f r e q u e n c i e s  by H i l t n e r  and by Kinman. 
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Besides  t h e  r a d i o  emiss ion  a s s o c i a t e d  w i t h  t h e  "poin t  s o u r c e , r f  t h e r e  
a r e  sometimes one o r  more a s s o c i a t e d  " r a d i o  c l o u d s . "  These  show t h e  ex- 
i s t e n c e  o u t s i d e  t h e  n u c l e i  of l i m i t e d  r e g i o n s  which c o n t a i n  t u r b u l e n t  
plasma; they p r e s e n t  t h e  problem of d e c i d i n g  whether  t h e y  r e s u l t  e n t i r e l y  
from t h e  d i r e c t i o n a l  n a t u r e  of t h e  o r i g i n a l  e x p l o s i o n ,  or  whether  t h e y  
a r e  a l s o  s u b j e c t  t o  confinement ,  e i t h e r  i n  t h e  u s u a l  s e n s e  of plasma con- 
ta inment  b y  magnet ic  f i e l d s  o r  perhaps  by t h e  hydromagnet ic  s e l f - a t t r a c -  
t i o n  suggested by Parker  f o r  i n t e r s t e l l a r  c l o u d s .  '11 Our d i s c u s s i o n  w i l l  
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n o t  go i n t o  t h e  q u e s t i o n  of t h e  e f f e c t  upon t h e  r a d i o  spectrum of a d i a -  
b a t i c  d e c e l e r a t i o n  i n  such  a cloud i f  i t  should  b e  expanding,  f o r  t h i s  
h a s  been d e a l t  w i t h  by Kardashev 
Many of t h e s e  phenomena a r e  p a r a l l e l e d ,  a s  w e  emphasized i n  Chapter  1, 
67 112 and by van d e r  Laan. 
i n  o t h e r  o b j e c t s .  W e  may n o t e  i n  a d d i t i o n  h e r e  t h a t ,  b e s i d e s  an extended 
t u r b u l e n t ,  f i l a m e n t a r y  s t r u c t u r e  r a d i a t i n g  an i n t e n s e  s y n c h r o t r o n  con- 
tinuum, t h e  Crab Nebula a l s o  h a s  a "poin t  s o u r c e "  which is  o p t i c a l l y  
obscured but  h a s  been t h e  subject of recent i n v e s t i g a t i o n s  a t  r a d i o  f re -  
q u e n c i e s .  T h i s  r e g i o n  a l s o  seems to  r e q u i r e  i n t e r p r e t a t i o n  w i t h  a collec- 
t i v e  emission mechanism. 53 
111. S p e c t r a l  P r o p e r t i e s  
The most immediately o u t s t a n d i n g  t h i n g  about  t h e  s p e c t r a  of e x t r a -  
g a l a c t i c  r a d i o  sources is  t h e i r  nonthermal n a t u r e .  Most of t h e s e  s p e c t r a  
may be f i t t e d  q u i t e  w e l l  by a power law i n  f r e q u e n c y ,  w i t h  d i f f e r e n t  
v a l u e s  of t h e  s p e c t r a l  index o c c u r r i n g  about  a s  shown i n  F i g .  8. T h i s  
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h i s t o g r a m  is  t a k e n  from Kel1ermannlo1 and i s  n e a r l y  t h e  same a s  h i s  e a r l i e r  
vers ion; '13 it r e p r e s e n t s  a l l  h i g h - g a l a c t i c - l a t i t u d e  s o u r c e s ,  whether  op- 
t i c a l l y  i d e n t i f i e d  o r  n o t ,  w i t h  the s p e c t r a l  i n d i c e s  b e i n g  f i t t e d  o v e r  t h e  
r a n g e  38-1400 Mc. F i g u r e  9 shows a s i m i l a r  d i s t r i b u t i o n  f o r  t h e  more l i m -  
i t e d  sample o b t a i n e d  by u s i n g  only  66 sources known to  be q u a s a r s ,  and 
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l i m i t i n g  t h e  f i t t i n g  of t h e  s p e c t r a l  i n d i c e s  t o  h i g h e r  f r e q u e n c i e s  t o  
avoid  i n c l u s i o n  of p o i n t s  lowered by s e l f - a b s o r p t i o n .  I n d i c e s  f i t t e d  be- 
tween 750 and 1400 M c  were a v a i l a b l e  fo r  46  of t h e s e  from t h e  NRAO c a t a -  
and for t h e  remain ing  20 an index  f o r  e i t h e r  408 or 960 t o  1410 
Mc was c a l c u l a t e d  from f l u x  d a t a  compiled by P. Feldman from s e v e r a l  
sou rces .  The s p e c t r a l  i n d i c e s  of q u a s a r s  a r e  s e e n  t o  be  q u i t e  s i m i l a r  t o  
t h o s e  of e x t r a g a l a c t i c  s o u r c e s  a s  a whole.  But t h e  s i g n i f i c a n c e  of t h e s e  
h is tograms should  n o t  be o v e r e s t i m a t e d ,  f o r  t h e y  do  n o t  a d e q u a t e l y  r e p r e -  
s e n t  t h e  c o n s i d e r a b l e  f r a c t i o n  of s o u r c e s  which show c u r v a t u r e  (on a l o g  
I vs  l o g  Y p l o t )  or v a r i a b i l i t y  i n  t h e i r  s p e c t r a .  
a few of t h e s e  s o u r c e s  a r e  known up t o  8000 Mc;l15 3C273 is s t i l l  t h e  
excep t ion  i n  having  f a i r l y  d e t a i l e d  o b s e r v a t i o n s  o f  i t s  o p t i c a l  c o n t i n -  
UUm116 and some i s o l a t e d  in fo rma t ion  i n  t h e  i n f r a r e d  
meter 
The  r a d i o  s p e c t r a  of 
1 1 7  and m i l l i -  
r a n g e s .  
118 , 119 
The second impor tan t  s p e c t r a l  p r o p e r t y  i s  v a r i a b i l i t y ;  t h i s  h a s  now 
been observed w i t h  c e r t a i n t y  i n  a t  l e a s t  f i v e  q u a s a r s  and w i t h  h igh  l i k e -  
l i hood  i n  e i g h t  more , lo3  a l though  t h e r e  a r e  o t h e r s  f o r  which r e p e a t e d  ob- 
s e r v a t i o n s  have n o t  d e t e c t e d  any change. T h i s  p r o p e r t y  is a l s o  s h a r e d  
by  a t  l e a s t  o n e  r a d i o  g a l a x y ,  t h e  S e y f e r t  g a l a x y  NGC 1275. 120 The two 
most n o t a b l e  examples a r e  X 2 7 3 ,  for  which o p t i c a l  f l u c t u a t i o n s  o v e r  a t  
l e a s t  t h e  l a s t  75 y e a r s  have been e s t a b l i s h e d  from t h e  Harvard  p l a t e  ~ 0 1 -  
l e c t i o n ,  and 3C446, which i n  t h e  l a t e  summer of 1966 e x h i b i t e d  i r r e g u l a r  1 2 1  
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f l u c t u a t i o n s  over  a range of two or  t h r e e  magnitudes a t  r a t e s  a s  high 
I 
a s  0 . 2  magnitudes p e r  day .  122 I n  the  l a t t e r  c a s e ,  t h e  o p t i c a l  p o l a r i z a -  
t i o n  h a s  a l s o  been observed  t o  vary ,  a p p a r e n t l y  i n  close c o r r e l a t i o n  w i t h  
t h e  changes i n  t o t a l  magni tude.  'lo 
v a r i a t i o n s  of s e v e r a l  o b j e c t s  h a s  r e c e n t l y  been g i v e n  by Paul iny-Toth and 
Kellermann. 
D e t a i l e d  i n f o r m a t i o n  on t h e  r a d i o  
1 2 3  
The model w i t h  which Kellermannlol a t t e m p t s  t o  e x p l a i n  t h e s e  s p e c t r a l  
i n d i c e s  and v a r i a t i o n s  c a l l s  f o r  t h e  e x i s t e n c e  of some p r o c e s s  c a p a b l e  of 
i n j e c t i n g  i s o t r o p i c  b u r s t s  of e n e r g e t i c  e lectrons w i t h  a power-law spec-  
trum e q u i v a l e n t  t o  n = 1.5: 
Q ( P , ~ >  = A P -3*5 s(t-ti) , i = 0 , 1 , 2 ,  . . .  . ( 6 . 3 . 1 )  
Each of t h e  series of i n j e c t i o n  times t i s  supposed t o  follow t h e  pre-  
c e d i n g  one by an i n t e r v a l  of t h e  order of some d e f i n i t e  s c a l e  T . Then 
sources w i t h  s p e c t r a l  index 0.25 a r e  e x p l a i n e d  a s  e x h i b i t i n g  r a d i a t i o n  
from a f r e s h  bu r s t  accord ing  t o  e q u a t i o n  ( 4 . 1 . 2 ) ,  being observed w i t h i n  
a s h o r t e r  t i m e  a f t e r  t h e  b u r s t  t h a n  t h e  r a d i a t i v e  l i fe t ime a t  t h e  o b s e r -  
v a t i o n  f requency .  The preponderance of s o u r c e s  w i t h  s p e c t r a l  index 0 .75  
i s  e x p l a i n e d  a s  showing e q u i l i b r i u m  between i n j e c t i o n  and r a d i a t i v e  loss ,  
a c c o r d i n g  t o  e q u a t i o n  ( 4 . 4 . 5 ) ;  t h e  r a d i a t i v e  l i fe t ime is  supposed t o  be 
g r e a t e r  t h a n  T SO t h a t  the bursts of p a r t i c l e a  iirziy be approximated by 
a c o n t i n u o u s  i n j e c t i o n .  F i n a l l y ,  sources  w i t h  s p e c t r a l  index  1.33 a r e  
e x p l a i n e d  accord ing  t o  e q u a t i o n  ( 4 . 3 . 1 5 ) ;  it i s  supposed t h a t ,  a t  t h e  t i m e  
and f r e q u e n c y  of o b s e r v a t i o n ,  t h e  e l a p s e d  t i m e  s i n c e  t h e  l a s t  b u r s t  h a s  
been g r e a t e r  t h a n  t h e  r a d i a t i v e  l i f e t i m e  of a p a r t i c l e  w i t h  p i t c h  a n g l e  
n/2 but s t i l l  less t h a n  T . T h i s  model s u g g e s t s  t h a t  t h e  r a d i a t i o n  of  
sources w i t h  f l a t  s p e c t r a  may be l i k e l y  to v a r y  i r r e g u l a r l y ;  f o r  t h o s e  
w i t h  '9mrmal" s p e c t r a ,  it may be f a i r l y  c o n s t a n t  i n  t i m e ;  and fo r  t h o s e  
w i t h  v e r y  s t e e p  s p e c t r a ,  i t  should  be smoothly d e c r e a s i n g ,  f o l l o w i n g  equa- 
i 
0 
0 
0 
t i o n  ( 4 . 3 . 1 6 ) .  
The p o s i t i v e  accomplishments of t h i s  model a r e  (1) to  show some c a u s a l  
r e l a t i o n s h i p  among t h e  t h r e e  a p p a r e n t l y  s i g n i f i c a n t  numbers 0.25, 0 . 7 5 ,  and 
1 .3 ;  ( 2 )  t o  p r e d i c t  t h e  a s s o c i a t i o n  of f l a t  s p e c t r a  w i t h  v a r i a b i l i t y ,  which 
a p p e a r s  t o  be t r u e ;  and (3) to  sugges t  a development i n  t i m e  f o r  t h e  s p e c t r a l  
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c o n t r i b u t i o n  of a new b u r s t  which f i t s  q u a l i t a t i v e l y  w i t h  t h e  a v a i l a b l e  
d a t a .  123 
t h e  o r i g i n  of t h e  spectrum of t h e  i n j e c t e d  p a r t i c l e s ,  t h i s  e x p l a n a t i o n  
h a s  some o t h e r  p o s s i b l e  weaknesses: ' (1) t h e  i n j e c t i o n  p r o c e s s  is n o t  
l i k e l y  t o  be i s o t r o p i c ;  (2 )  t h e  u n i f o r m i t y  of f i e l d  s t r e n g t h  i s  a r e l a -  
t i v e l y  innocuous assumption,  b u t  it would s t i l l  be d e s i r a b l e  n o t  t o  de- 
pend on i t ;  (3)  t h e r e  i s  a c o n s i d e r a b l e  s p r e a d  of  i n d i c e s  around t h e  
c a n o n i c a l  v a l u e s ,  so t h e  exponent 1 .5  f o r  the energy spectrum of i n j e c t e d  
p a r t i c l e s  would be u n i v e r s a l  i n  o n l y  an approximate s e n s e ;  ( 4 )  t h e  0.25 
explana t ion  of f l a t t e r  s p e c t r a  s t i l l  seems somewhat u n n a t u r a l  t o  t h i s  
wr i te r ,  and Kellermann a c t u a l l y  u s e s  s e l f - a b s o r p t i o n  i n s t e a d  i n  e x p l a i n -  
i n g  t h e  shapes of t r a n s i e n t  components; ( 5 )  t h e  inadequacy of p r e s e n t  
o b s e r v a t i o n s  is no f a u l t  of t h e  model, but s t i l l  p r e v e n t s  a c o n c l u s i v e  
comparison of d e t a i l e d  p r e d i c t i o n s ;  and ( 6 )  t h e  1.33 e x p l a n a t i o n  of 
s t e e p e r  s p e c t r a  seems incompat ib le  w i t h  our b e l i e f  t h a t  t h e  plasma i s  
t u r b u l e n t .  I n  o r d e r  to  show t h i s  l a s t  p o i n t ,  t h e  t i m e  s c a l e  f o r  mag- 
n e t i c  s c a t t e r i n g  may be compared w i t h  t h a t  f o r  r a d i a t i v e  energy  loss, 
j u s t  a s  i t  was compared w i t h  t h e  Coulomb s c a t t e r i n g  t i m e  i n  e q u a t i o n  
( 3 . 5 . 5 ) .  F o r  i l l u s t r a t i o n ,  c o n s i d e r  a 5 X l o l o  e V  e l e c t r o n  r a d i a t i n g  
a t  c e n t i m e t e r  wavelengths  i n  a f i e l d  of o r d e r  10 g a u s s ,  w i t h  f l u c -  
t u a t i o n  ampli tudes of 10  p e r c e n t ;  t h e n  f o r  n = 2 i n  e q u a t i o n  (3 .5 .3)  
i t  is  found t h a t  t h e  s c a t t e r i n g  t i m e  w i l l  be less t h a n  t h e  r a d i a t i o n  
t i m e  f o r  any v a l u e  of t h e  f l u c t u a t i o n  coherence  t i m e  T, between about  
B e s i d e s  t h e  f a c t  t h a t  i t  makes no p r e t e n s i o n  of account ing  fo r  
-4 
ii 
and 10 seconds .  
c 
T h e r e f o r e ,  w i t h o u t  d e t r a c t i n g  f r o m  t h e  v a l u e  o f  Kel le rmann ' s  Sug- 
g e s t i o n s ,  w e  b e l i e v e  t h a t  a t  t h i s  s t a g e ,  t h e  c o n s t r u c t i o n  of a l t e r n a t i v e  
models should s t i l l  be pursued .  Any p o s s i b l e  e x p l a n a t i o n  f o r  t h e  "in- 
j e c t e d "  W spectrum must a l s o  be c a r e f u l l y  s t u d i e d ;  hence w e  remark 
here on t h e  c a s e s  i n  p r e v i o u s  c h a p t e r s  f o r  which power-law s p e c t r a  were 
found.  F i r s t ,  e q u a t i o n  ( 5 . 3 . 5 )  may be d i s m i s s e d  because  i t  can o n l y  
account  f o r  an exponent g r e a t e r  t h a n  t w o ,  and because  t h e  d e s c r i p t i o n  of 
t h i s  p r o c e s s  above a s  an i n j e c t i o n  i s  i n c o m p a t i b l e  w i t h  i t s  b e i n g  t h e  re- 
s u l t  of an e q u i l i b r i u m  i n v o l v i n g  r a d i a t i o n .  I t  might  be more r e a s o n a b l e  
t o  u s e  equat ion  ( 5 . 4 . 3 ) ,  f o r  an i n s t a b i l i t y  c o u l d  be d r i v i n g  a s t r o n g  
a c c e l e r a t i o n  i n  a s m a l l  and l e a k y  r e g i o n ,  t h e  l e a k a g e  c o n s t i t u t i n g  t h e  
-1.5 
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i n j e c t i o n  i n t o  a much l a r g e r  surrounding r e g i o n .  To o b t a i n  n = 1.5, 
t h e  exponent of t h e  s t o c h a s t i c  a c c e l e r a t i o n  c o e f f i c i e n t  i n  ( 5 . 4 . 2 )  should  
be 
3.5 
a/b = 2 . 5  - 
3 . 5  m = 2 . 5  - ( 6 . 3 . 2 )  
But h e r e  aga in  t h e r e  i s  t h e  problem of e x p l a i n i n g  why t h e  r a t i o  
should  always be t h e  same. One p o s s i b l e  answer is  t h a t  t h e  dependence 
i s  o n l y  weak and t h e  c a n o n i c a l  1 . 5  o n l y  approximate;  f o r  example i f  
m = 2 t h e n  v a l u e s  of a / b  ranging  from z e r o  t o  f o u r  would o n l y  c a u s e  
n t o  v a r y  between one and two, and t h e  cor responding  s t e a d y - s t a t e  r a d i -  
a t i o n  spectrum i n d i c e s  of 0 .5  to 1 . 0  might e a s i l y  f i t  t h e  d i s t r i b u t i o n  
of F i g .  9 .  A l t e r n a t i v e l y ,  one  might a rgue  t h a t  t h e  a c c e l e r a t i o n  a l o n e  
d e t e r m i n e s  t h e  spectrum; t h a t  is ,  a/b << 1, and m = 2 . 5  would be i n -  
t e r p r e t e d  a s  a unique number which should  be p r e d i c t a b l e  when t h e  n a t u r a l  
spectrum of plasma t u r b u l e n c e  is s u f f i c i e n t l y  w e l l  unders tood .  
a/b 
F i n a l l y ,  i t  may be argued t h a t  t h i s  i n j e c t i o n  should  n o t  be thought  
of mere ly  a s  a s t e a d y  s t a t e  of p r o c e s s e s  o p e r a t i n g  on a s h o r t e r  t i m e  s c a l e ,  
b u t  a s  probably  i n v o l v i n g  time-dependent s p e c t r a .  I f  t h e r e  is s t i l l  t o  
be something unique about  t h e  s p e c t r a l  shape ,  s e l f - s i m i l a r  s p e c t r a  a r e  t h e  
o n e s  t o  be c o n s i d e r e d .  I f  s t o c h a s t i c  a c c e l e r a t i o n  a l o n e  i s  c o n s i d e r e d ,  
a g a i n  w i t h  
Deff = b P m 8 
t h e n  t h e r e  a r e  s e l f - s i m i l a r  s o l u t i o n s  
I- - \r, - I  -- - --- 
( 6 . 3 . 3 )  
( 6 . 3 . 4 )  
t h e s e  a r e  g e n e r a l i z a t i o n s  of ( 3 . 4 . 1 ) .  
of i n t e r e s t ,  e x c e p t  i n  t h e  s i n g u l a r  c a s e  m = 2 ,  f o r  which t h e r e  appears  
an a d d i t i o n a l  undetermined c o n s t a n t  c :  
They a r e  of t h e  wrong shape t o  be 
91 
w i t h  
n = 2 [- 1 + d w b )  . 
( 6 . 3 . 5 )  
( 6 . 3 . 6 )  
The o n l y  w a y  t o  de termine  a v a l u e  of n h e r e  i s  to  r e f e r  t o  a n o t h e r  l e v e l  
of " i n i t i a l  c o n d i t i o n s , "  so t h i s  i s  n o t  a s a t i s f a c t o r y  e x p l a n a t i o n .  
Our p r e l i m i n a r y  c o n c l u s i o n  on t h i s  m a t t e r  is  t h a t  two, and perhaps  
t h r e e ,  p r o c e s s e s  a r e  impor tan t  i n  de te rmining  t h e s e  nonthermal  r a d i o  spec-  
t r a :  F i r s t ,  s t o c h a s t i c  a c c e l e r a t i o n  i s  r e a s o n a b l e  b o t h  a s  t o  e s t i m a t e s  
of a c c e l e r a t i o n  r a t e  
arguments immediately above and i n  S e c t i o n  V I  of Chapter  3 ) ,  w h i l e  t h e  
e x i s t e n c e  of any a l t e r n a t i v e  coherent  c c c e l e r a t i o n  p r o c e s s  which c o u l d  
account f o r  t h e s e  p r o p e r t i e s  seems p r a c t i c a l l y  i m p o s s i b l e .  Second, w e  
b e l i e v e  t h a t  t h e  r a d i a t i o n  loss p l a y s  an i m p o r t a n t  role  i n  t h i s  de te rmina-  
t i o n ,  and must be i n c l u d e d  i n  any model which might ex tend  or  r e p l a c e  
Kel lermann's .  T h i r d ,  loss of p a r t i c l e s  b y  e s c a p e  o r  n u c l e a r  r e a c t i o n  i s  
probably not a prime d e t e r m i n a n t ,  b u t  a s  was noted  above, i t  c o u l d  w e l l  
account fo r  a s p r e a d  of s p e c t r a l  p r o p e r t i e s  about  t h e  c a n o n i c a l  v a l u e 6  
t h a t  would o t h e r w i s e  r e s u l t  from t h e  a c c e l e r a t i o n  and r a d i a t i o n  loss .  
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and a s  t o  i t s  dependence on p a r t i c l e  energy  (from 
I V .  Maximum and T o t a l  E n e r g i e s  and Cosmic Rays 
The maximum energy  which any p a r t i c l e s  may be expec ted  t o  a t t a i n  w i l l  
depend i n  g e n e r a l  n o t  o n l y  on t h e  n a t u r e  and s t r e n g t h  of  t h e  a c c e l e r a t i n g  
and d e c e l e r a t i n g  p r o c e s s e s ,  b u t  a l s o  on t h e  l e n g t h  of t i m e  t h e y  have been 
i n  o p e r a t i o n .  T h i s  i s  i l l u s t r a t e d  on page 9 of Reference  124 ,  where t h e  
s t o c h a s t i c  a c c e l e r a t i o n  of e l e c t r o n s  i n  t h e  j e t  of 3C273 is  e s t i m a t e d  by 
a s imple random-walk argument.  A t o t a l  of 10 s t e p s  o v e r  a p e r i o d  of 10 
years  l e a d s  t o  an "average energy  g a i n "  of 
i n  t h e  assumed f i e l d  of 4 X g a u s s  w i l l  lose  e n e r g y  by r a d i a t i n g  a t  
about 10 e V  s e c  , so t h e  "average p a r t i c l e "  w i l l  n e v e r  a t t a i n  much over  
9 5 
e V ,  B u t  a l O I 3  e V  e l e c t r o n  
2 -1 
eV; but t h i s  i s  s t i l l  s u f f i c i e n t ,  even r a t h e r  l i b e r a l ,  t o  account  f o r  
t h e  observed o p t i c a l  synchro t ron  r a d i a t i o n .  
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The same arguments should  apply to  a p r o t o n ,  w i t h o u t  any r e d u c t i o n  
f o r  r a d i a t i o n  l o s s .  But w e  wish  t o  p o i n t  o u t  a p i t f a l l  i n  ano the r  argu-  
ment t h a t  was g iven  by S t u r r o c k  t o  e s t i m a t e  a c c e l e r a t i o n  r a t e s .  12' There  
it was s a i d  t h a t  10 12'3 eV e l e c t r o n s  c o n t i n u e  t o  be p r e s e n t ,  a l t hough  r a -  
d i a t i n g  a t  e V  sec , so t h a t  t h e r e  must be an a c c e l e r a t i o n  p r o c e s s  
working upon them a t  t h e  same r a t e ;  t hen  t h i s  a c c e l e r a t i o n  r a t e  is a p p l i e d  
t o  p r o t o n s  a l s o ,  t o  e s t i m a t e  t h a t  they would ach ieve  e n e r g i e s  i n  excess  
of 10l3a8 e V .  
i t  should  be kep t  i n  mind t h a t  if t h i s  a c c e l e r a t i o n  is  of a s t a t i s t i c a l  
n a t u r e ,  i t s  e f f e c t i v e  r a t e  of a c t i o n  w i l l  depend upon what spectrum of 
p a r t i c l e s  h a s  a l r e a d y  been gene ra t ed .  By r e f e r r i n g  t o  e q u a t i o n  (5.5.2), 
it may be s e e n  t h a t  t h e  r a t e  of energy g a i n  from s t o c h a s t i c  a c c e l e r a t i o n  
is  p r o p o r t i o n a l  t o  -(aF/&), 
s t eepened  by r a d i a t i o n  loss cou ld  be abso rb ing  more power p e r  p a r t i c l e  
on t h e  average  than  t h e  p ro ton  spectrum which would develop  under  t h e  
same f l u c t u a t i n g  f i e l d s .  On t h e  o t h e r  hand,  one must n o t  be mis l ed  by 
c a s u a l  i n s p e c t i o n  of (5.3.1) i n t o  t h i n k i n g  t h a t  t h i s  average  a c c e l e r a t i o n  
r a t e  i s  e v e r  l i k e l y  t o  v a n i s h ;  for  even i f  t h e  p r o t o n s  should  a t t a i n  a 
s t a t i o n a r y  spectrum 
s t i l l  be a nonzero  c u r r e n t  of p a r t i c l e s  f lowing  outward i n  momentum space .  
-1 
But t h i s  i s  e s s e n t i a l l y  a s i n g l e - p a r t i c l e  e s t i m a t e ,  and 
so t h a t  an e l e c t r o n  spectrum which was 
(aF/a t  = 0 )  over  some range  of momenta, t h e r e  would 
13 
S i n c e  i t  appea r s  t h a t  p r o t o n s  w i t h  energy  of 10 e V  o r  more may be 
ge i i e re t ed  i n  t h e  j e t  of 32273, OEP may surmise tha t  t h e  n u c l e i  of q u a s a r s  
cou ld  have s u f f i c i e n t l y  s t r o n g e r  t u r b u l e n t  f i e l d s  t o  a c c e l e r a t e  p r o t o n s  
t o  e n e r g i e s  one o r  a f e w  o r d e r s  of magnitude g r e a t e r  t han  t h i s ;  bu t  it i s  
more d i f f i c u l t  t o  make d i rec t  e s t i m a t e s .  The p o s s i b i l i t y  remains  open 
t h a t  t h e s e  o b j e c t s  could  be s i g n i f i c a n t  g e n e r a t o r s  of pr imary  cosmic r a y s .  
T h i s  c a l l s  f o r  c l o s e r  s t u d y  of s e v e r a l  p o i n t s ,  a s  w e  s h a l l  o u t l i n e  i n  t h e  
remainder  of t h i s  s e c t i o n .  
F i r s t ,  t h e r e  must o b v i o u s l y  be g r e a t e r  c e r t a i n t y  about  t h e  maximum 
a t t a i n a b l e  e n e r g i e s  which were e s t i m a t e d  above. I n  t h e  p r e s e n t  s t a t e  of 
t h e  f i e l d ,  no e s t i m a t e  which depends on d e t a i l e d  a n a l y s i s  of a p a r t i c u l a r  
model of q u a s a r s  is l i k e l y  t o  be wide ly  accep ted .  But i f  one a t t e m p t s  t o  
make an e s t i m a t e  which w i l l  depend e n t i r e l y  upon observed  q u a n t i t i e s ,  n o t  
o n l y  is  t h e r e  a s c a r c i t y  of t h e  kind of d a t a  t h a t  would be needed,  bu t  
a s  l o n g  a s  t h e  loca l - cosmolog ica l  d i s p u t e  remains u n s e t t l e d  t h e r e  w i l l  
n o t  even be agreement upon what has r e a l l y  been obse rved .  
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Second, t h e  p r o p e r  p a r t i c l e  spectrum must be accounted f o r ,  and 
t h i s  may st i l l  be t h e  most d i f f i c u l t  p a r t  of t h e  problem. The Kellermann 
model would sugges t  i n j e c t i o n  of p r o t o n s  w i t h  t h e  same spectrum a s  t h e  
i n j e c t e d  e l e c t r o n s ,  
-1.5 N(W) a w , ( 6 . 4 . 1 )  
I -2 .5  but  t h e  observed cosmic r a y  spectrum v a r i e s  a s  W (see Chapter  1, 
S e c t i o n  I I D ) .  The e l e c t r o n  spectrum i s  e v e n t u a l l y  s teepened  to  an ex- 
ponent 2 . 5  by r a d i a t i o n  losses,  but  t h e  same p r o c e s s  f o r  p r o t o n s  would 
r e q u i r e  v e r y  s t r o n g  magnet ic  f i e l d s  and does n o t  seem t o  be a r e a s o n a b l e  
poss  i b i  1 it  y . 124 
e r a t i n g  o b j e c t  i n t o  i n t e r g a l a c t i c  s p a c e  would depend on energy ,  bu t  t h i s  
would be expected o n l y  to f l a t t e n  r a t h e r  t h a n  s t e e p e n  t h e  spectrum. Thus 
i t  a p p e a r s  t h a t  cosmic r a y  p r o t o n s  and r a d i a t i n g  e l e c t r o n s  w i l l  n o t  be 
n a t u r a l l y  expla ined  as both  b e i n g  p r o d u c t s  of t h e  same set of p r o c e s s e s  
and c o n d i t i o n s ,  u n l e s s  t h e  Kellermann model i s  somehow a l t e r e d  o r  r e p l a c e d .  
T h i r d ,  t h e  q u e s t i o n  of t h e  r e l a t i v e  t o t a l  e n e r g i e s  ga ined  by a l l  
The p r o b a b i l i t y  f o r  a p a r t i c l e  t o  escape  from t h e  gen- 
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e l e c t r o n s  and by a l l  p r o t o n s  must be s t u d i e d .  L e t  t h e  r a t i o  be 
( 6 . 4 . 2 )  p r o  t o n s  
e 
e l e c t r o n s  
K -  r - e  
The v a l u e  K N 100 h a s  o f t e n  been u s e d ,  and i s  based on t h e  r e l a t i v e  
abundance of  e lectrons i n  t h e  cosmic r a y s  observed  i n  t h e  v i c i n i t y  of t h e  
e a r t h ;  bu t  t h i s  i n v o l v e s  account ing  f o r  t h e  e l e c t r o n s  a s  " s e c o n d a r i e s , "  
o r  p r o d u c t s  of n u c l e a r  c o l l i s i o n s  of t h e  p o s i t i v e l y  charged pr imary  n u c l e i ,  
and does  n o t  seem a r e l e v a n t  e s t i m a t e  when t h e  s i m u l t a n e o u s  g e n e r a t i o n  of 
both  s p e c i e s  a s  f f p r i m a r i e s f f  is b e i n g  c o n s i d e r e d .  There  a r e ,  however, 
o t h e r  r e a s o n s  which w e  may d e s c r i b e  q u a l i t a t i v e l y  f o r  e x p e c t i n g  
be much g r e a t e r  than u n i t y :  Other  t h i n g s  b e i n g  e q u a l ,  e l e c t r o n s  a r e  sub- 
j e c t  t o  r a d i a t i o n  loss and p r o t o n s  a r e  n o t ,  which o u g h t  t o  l e a v e  t h e  pro-  
t o n s  w i t h  greater t o t a l  energy;  and t h e  " s e l e c t i o n  r u l e s "  under  which t h e  
r 
K t o  r 
I a c c e l e r a t i o n  begins  seem to s t r o n g l y  f a v o r  t h e  p r o t o n s .  R e f e r r i n g  to  t h e  
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d i s c u s s i o n  i n  S e c t i o n s  I V  and V I  of Chapter  3 ,  w e  see t h a t  t h e  e l e c t r o n s  
a s  t h e y  s t a r t  from n o n r e l a t i v i s t i c  e n e r g i e s  have a much h i g h e r  g y r o f r e -  
quency than  t h e  p r o t o n s  a n d s o  a r e  a c c e l e r a t e d  by waves of  h i g h e r  f requency  
and presumably s m a l l e r  ampli tude.  Furthermore,  t h e y  may have d i f f i c u l t y  
a s  t h e i r  g y r o f r e q u e n c i e s  d e c r e a s e  i n  c r o s s i n g  t h e  gap where t h e  f l u c t u a -  
t i o n  spectrum i s  d e p l e t e d  by a c t i n g  upon thermal  p r o t o n s ;  and o n l y  above 
10 BeV may t h e y  be expec ted  t o  g a i n  e q u a l  f o o t i n g  w i t h  t h e  p r o t o n s .  Y e t  
o t h e r  r e a s o n s  may be f o r  b e l i e v i n g  t h a t  ICr ,< 1, so a more 
c a r e f u l  weighing of t h e s e  arguments w i l l  be n e c e s s a r y .  
F i n a l l y ,  t h e  t o t a l  r a t e  of product ion  by t h e  whole c l a s s  of  sources 
must be computed; t h i s  may be done for q u a s a r s  i n  t h e  same way i t  was 
done e a r l i e r  f o r  r a d i o  g a l a x i e s  by Burbidge and Hoyle.  6o 
been around 100 q u a s a r s  observed;  suppose t h a t  t h e s e  r e p r e s e n t  a complete 
sampling o u t  t o  a d i s t a n c e  corresponding t o  r e d s h i f t  z = 2 .  F o r  a Hubble 
c o n s t a n t  H = 100 km sec Mpc t h i s  would be about 10 c m ,  and would 
make an average  of 10 -85'5 q u a s a r  per  c u b i c  c e n t i m e t e r .  
T h e r e  have now 
-1 -1 2 8 . 3  
Taking f i g u r e s  
sugges ted  by Pauliny-Toth and Kellermann, 123 suppose t h a t  each  a c t i v e  .. 
58.5 
q u a s a r  i s  r e p e a t e d l y  producing 10 e r g s  i n  b u r s t s  of r e l a t i v i s t i c  elec- 
t r o n s  r e p e a t e d  on a s c a l e  of 10 years ,  or l o B e 5  seconds .  
above, t h e  r a t i o  of p r o t o n  and e l e c t r o n  e n e r g i e s  produced i n  t h e s e  b u r s t s  
is u n c e r t a i n ,  bu t  l e t  u s  use t h e  value IC = 1, which i s  h o p e f u l l y  a con- 
s e r v a t i v e  e s t i m a t e .  Then t h e  average r a t e  of product ion  of  high-energy 
As w e  remarked 
r 
-35.5 -1 -3 
P r o t o n s  would be 10  e r g  sec cm , and i f  t h i s  were t o  accumulate 
(and be e v e n l y  d i s t r i b u t e d )  o v e r  t h e  "l ifetime of t h e  u n i v e r s e ,  I t  about  
lo1' y e a r s ,  i t  could account f o r  an energy  d e n s i t y  of around 10 e r g  
c m  . T h i s  is  c o n s i d e r a b l y  b e l o w  the 10 e r g  c m  observed f o r  cosmic 
r a y s  n e a r  t h e  e a r t h ,  and a l s o  compares u n f a v o r a b l y  w i t h  t h e  Burbidge and 
-131 -3 
Hoyle e s t i m a t e  of 10 erg c m  for r a d i o  g a l a x i e s .  
-18 
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Although r e d s h i f t s  have o n l y  been determined f o r  about  100 q u a s a r s ,  
t h e  i d e a  i s  aga in  be ing  advanced126 t h a t  t h e r e  a r e  some 10  of t h e s e  ob- 
jects  o v e r  t h e  whole sky (down t o  blue magnitude 19.7) ,  but t h a t  most of 
t h e s e  have been o b s e r v a t i o n a l l y  d i s c r i m i n a t e d  a g a i n s t  because t h e y  a r e  
r a d i o - q u i e t .  If one were prepared  t o  b e l i e v e  t h a t  a l l  of t h e s e  o b j e c t s  
g e n e r a t e  energy  a t  t h e  same r a t e  as  t h o s e  w i t h  " a c t i v e "  r a d i o  s p e c t r a ,  
t h e  e s t i m a t e  above f o r  t h e  cosmic-ray energy  d e n s i t y  d u e  t o  q u a s a r s  could  
5 
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be inc reased  t o  10 e r g  c m  . T h i s  i s  s t i l l  q u i t e  l o w ,  bu t  cou ld  
p o s s i b l y  be a s i g n i f i c a n t  c o n t r i b u t i o n  t o  a " u n i v e r s a l  cosmic r a y  d i s -  
t r i b u t i o n f l  which, acco rd ing  to some models, i s  be ing  observed  a t  e n e r g i e s  
above t h e  c u t o f f  f o r  t h e  G a l a c t i c  cosmic r a y s  a t  10 o r  10 e V .  15 16 
V .  Gene ra l  Conclus ions  and Sugges t ions  
1. We b e l i e v e  t h a t  s t o c h a s t i c  a c c e l e r a t i o n  i n  some form i s  impor- 
t a n t  i n  t h e  g e n e r a t i o n  of high-energy p a r t i c l e s  i n  n a t u r e ,  and t h a t  t h i s  
w i l l  form an i n t e g r a l  p a r t  o f  t h e  u l t i m a t e l y  accep ted  e x p l a n a t i o n ;  i n  
p a r t i c u l a r ,  i t  seems l i k e l y  t h a t  t h i s  s t o c h a s t i c  a c c e l e r a t i o n  i s  t o  be 
connec ted  wi th  plasma t u r b u l e n c e .  N o t  o n l y  i s  t h e r e  a l a c k  of r e a s o n a b l e  
a l t e r n a t i v e s ,  b u t  w e  b e l i e v e  t h a t  t h e  p r e s e n t  work h a s  made some s t e p s  
toward showing t h a t  t h e  s t o c h a s t i c  mechanism i s  i t se l f  q u i t e  r e a s o n a b l e .  
W e  t h i n k  i t  is  wor thwhi le  t o  begin  f o r g i n g  a d d i t i o n a l  l i n k s  n e c e s s a r y  t o  
t h i s  cha in  of r eason ing :  f i rs t ,  t o  c l a s s i f y  modes of o s c i l l a t i o n  i n  a 
magnetized plasma and to  s p e c i f y  f o r  each  c l a s s  t h e  r e l a t i o n  of f i e l d  
ampl i tudes  t o  mode ampl i tudes  f o r  a r b i t r a r y  p o l a r i z a t i o n s  and d i r e c t i o n s  
of p ropaga t ion ;  and second,  t o  s e a r c h  f o r  a t h e o r y  of mode ampl i tudes  i n  
a quas i - equ i l ib r ium s t a t e .  The l a t t e r  problem w i l l  r equi re  a thorough 
unders tanding  of bo th  s i m i l a r i t i e s  and d i f f e r e n c e s  between t h e  t u r b u l e n t  
s t a t e s  of plasmas and of o r d i n a r y  f l u i d s ,  127 and may w e l l  p r o f i t  from a 
p a r t l y  numerical  approach.  128  
2 .  Although w e  have s t r e s s e d  t h e  problem of q u a s a r s  i n  t h i s  work, 
w e  a r e  hopefu l  t h a t  our i d e a s  may be of u s e  i n  s e v e r a l  s i t es  of a p p l i -  
c a t i o n ,  such a s  t h o s e  o u t l i n e d  i n  Chap te r  1. Evidence  f o r  t h e  o c c u r r e n c e  
of exp los ions  i n  g a l a c t i c  n u c l e i  h a s  been rev iewed by Burbidge ,  Burbidge ,  
and Sandage; 
i l a r  t o  those  of S h k l o ~ s k i i , ~ ~ ~  i n  r e g a r d  t o  t h e  p o s s i b i l i t y  of a close 
g e n e r i c  r e l a t i o n s h i p  among q u a s a r s  and r a d i o ,  S e y f e r t ,  and normal g a l a x i e s .  
and w e  a r e  i n c l i n e d  toward p o s i t i v e  views,  somewhat s i m -  
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3. For r e a s o n s  g iven  i n  Chap te r  3, w e  have  sugges t ed  t h a t  s t o c h a s t i c  
a c c e l e r a t i o n  i s  most l i k e l y  t o  occur a s  a t r a n s v e r s e  cyc lo t ron - re sonance  
e f f e c t  of  low-f requency (hydromagnet ic )  waves,  r a t h e r  t han  b e i n g  connec ted  
w i t h  e l e c t r o m a g n e t i c  or l o n g i t u d i n a l  (tlplasma wave") modes. 
4 .  S i n c e  o n l y  one phase of t h e  problem was s e l e c t e d  f o r  t r e a t m e n t  
i n  t h i s  work, t h e  o r i g i n  of t h e  "magic exponent"  1 . 5  o r  2.5 f o r  e n e r g e t i c -  
p a r t i c l e  s p e c t r a  h a s  n o t  been f u l l y  e x p l a i n e d .  But one  should  now be 
p repa red  t o  watch c a r e f u l l y  a s  t h e o r i e s  of plasma t u r b u l e n c e  a r e  deve l -  
oped f o r  a n a t u r a l  spectrum of f l u c t u a t i o n s  
-n s-cu , 
,-u 
w i t h  e i t h e r  n = 2.5 p r e c i s e l y ,  o r  else n < 2.5. An e x p l a n a t i o n  of t h e  
observed  r a d i a t i o n  s p e c t r a  i n  terms of such  a t u r b u l e n c e  spectrum would 
immediately be sugges t ed  i n  e i ther  c a s e  by t h e  d i s c u s s i o n  f o l l o w i n g  equa- 
t i o n  (6.3.2). 
5 .  Although t h e  conc lus ions  i n  S e c t i o n  I V  of t h i s  c h a p t e r  do n o t  
encourage  t h e  b e l i e f  t h a t  a c c e l e r a t i o n  of p r o t o n s  i n  q u a s a r s  accounts  
f o r  t h e  major p o r t i o n  of t h e  observed cosmic r a y s ,  ou r  l i n e  of r eason ing  
s u g g e s t s  t h a t  t h e  a c c e l e r a t i o n  i n  quasa r s  is  a m a n i f e s t a t i o n  of a un ive r -  
s a l  spectrum of t u r b u l e n c e  which i s  a l s o  p r e s e n t  i n  t h e  o b j e c t s  ( e . g . ,  
supe rnovae )  which do supply  t h e  cosmic r a y s .  T h e r e f o r e  i t  is s t i l l  of 
g r e a t  i n t e r e s t  t o  f i n d  some way of f i t t i n g  t h e  a c c e l e r a t i o n  of e l e c t r o n s  
t o  a W spectrum and p r o t o n s  t o  W bo th  i n t o  t h e  same p i c t u r e .  
-1.5 -2.5 
6. I n  a t t e m p t i n g  t o  remove t h e  t e s t - p a r t i c l e  r e s t r i c t i o n s  of t h e  
p r e s e n t  model, one shou ia  c o n s i d e r  the p o s s i b i l i t y  of s imply  estimating 
a r a t e  of d e p l e t i o n  of plasma tu rbu lence  energy  and u s i n g  t h i s  h e u r i s -  
t i c a l l y  t o  d e l i n e a t e  t h e  c i rcumstances  f o r  which t h i s  d e p l e t i o n  is  an 
impor t an t  de t e rmin ing  f a c t o r .  Th i s  would be somewhat s i m i l a r  t o  P a r k e r ' s  
u s e  of t h e  concept  of a "cosmic r a y  gas"  coex tens ive  w i t h  t h e  o r d i n a r y  
i n t e r s t e l l a r  g a s ,  w i t h  which he has shown t h a t  cosmic r a y s  have an e f f e c -  
t i v e  p r e s s u r e  which i s  impor tan t  i n  c e r t a i n  g a l a c t i c  p r o c e s s e s .  
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7. A s  d a t a  accumulate  i n  t h e  new f i e l d s  of X- and gamma-ray a s t r o n -  
omy, some of it w i l l  b e a r  upon t h e  problems w e  have cons ide red  h e r e ,  and 
shou ld  be  s t u d i e d  a c c o r d i n g l y .  
8. A s  t o  what f u r t h e r  o b s e r v a t i o n s  would be h e l p f u l ,  w e  can o n l y  
u r g e  s e v e r a l  t h i n g s  t h a t  a r e  a l r eady  obvious: 
t i o n s  of v a r i a b l e  r a d i o  Sources  a t  more f r e q u e n t  t i m e  i n t e r v a l s  and more 
c l o s e l y  spaced s p e c t r a l  f r e q u e n c i e s ,  i n  o r d e r  t o  o b t a i n  something more 
( a )  coo rd ina ted  observa-  
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n e a r l y  approaching a %weep-frequency r e c o r d t t  of t h e i r  o u t b u r s t s ;  
b e t t e r  e s t a b l i s h m e n t  of r a d i a t i o n  s p e c t r a  a t  microwave and i n f r a r e d  
f r e q u e n c i e s ,  and p a r t i c u l a r l y  i n  t h e  d i f f i c u l t  r e g i o n  between t h e s e ;  and 
( c )  l a b o r a t o r y  s t u d y  of s t e a d y  weak turbulence i n  plasmas, e s p e c i a l l y  
t h a t  d i r e c t e d  toward e s t a b l i s h i n g  t h e  form of t h e  n a t u r a l  t u r b u l e n c e  
spectrum. 
( b )  
9.  Although w e  have f e l t  i t  p o s s i b l e  to  f o r m u l a t e  some correct 
i d e a s  w i t h i n  t h i s  l i m i t e d  framework, o n e ' s  mind should  be k e p t  open, a s  
more d e t a i l e d  t h e o r i e s  become p o s s i b l e ,  toward t h e  i n c l u s i o n  a t  appro- 
p r i a t e  p o i n t s  of s e v e r a l  e f f e c t s  which w e  have o m i t t e d .  These might i n -  
c l u d e  bremss t rah lung  and c o l l e c t i v e  e f f e c t s 5 3  ( p a r t i c u l a r l y  f o r  t h e  n u c l e i  
o r  Ifpoint o b j e c t s "  and f o r  h i g h  f r e q u e n c i e s ) ,  energy  loss i n  a d i a b a t i c  
expans ion ,  and ( for  l o w  f r e q u e n c i e s )  i n v e r s e  bremss t rah lung ,  s y n c h r o t r o n  
s e l f - a b s o r p t i o n  and t h e  "Tsytovich e f f e c t .  F i n a l l y ,  one a d d i t i o n a l  
e f f e c t  of p o s s i b l e  importance i s  t h e  i n v e r s e  Compton e f fec t .  
approximation,  t h i s  may be t r e a t e d  a s  s y n c h r o t r o n  r a d i a t i o n  i n  t h e  mag- 
n e t i c  f i e l d s  of a f l u x  of low-energy photons ,  and it is i n  t h i s  s e n s e  
t h a t  some of o u r  r e s u l t s  above may s t i l l  be used i n  t h e  p r e s e n c e  of t h i s  
e f f e c t .  But t o  be more e x a c t ,  one  should  use f u r t h e r  d e t a i l s  of t h e  cor- 
rect  t h e o r y  p r e s e n t e d  by F e l t e n  and Morr i son .  132 
t o  avoid  the i n t r o d u c t i o n  of t h e  i n v e r s e  Compton e f f e c t  by p o s t u l a t i n g  
e l e c t r o n  i n j e c t i o n  o n l y  i n t o  a r a t h e r  narrow cone about  t h e  d i r e c t i o n  of 
t h e  magnetic f i e l d ,  but  t h i s  i d e a  would seem s t r a i n e d  beyond r e a s o n a b l e -  
n e s s  t o  account f o r  t h e  recent o b s e r v a t i o n s  o f  Wampler on 3C446. 
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As a f i r s t  
4 8  
133 Wolt jer h a s  a t tempted  
134 
"That which i s  f a r  o f f ,  and exceeding  deep ,  
Who can f i n d  i t  o u t ? "  
- - E c c l e s i a s t e s  7:24 
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P.pper?dix A 
COMPLEX VECTOR COMPONENTS 
I t  proves convenient  i n  some of ou r  work t o  u s e  t h e  q u a n t i t i e s  
h h h A h h 
x = x + l y ,  x - = x - i y .  + ( A . 1 )  
h A 
I t  should be k e p t  c l e a r l y  i n  mind t h a t  x and x , a s  they  have been 
chosen h e r e ,  a r e  not  a c t u a l l y  u n i t  v e c t o r s ,  nor  are they  s e l f - d u a l .  But 
r a t h e r  than  c a r r y  along a d i s t i n c t i o n  between c o v a r i a n t  and c o n t r a v a r i a n t  
v e c t o r s ,  w e  sha l l  j u s t  f o l l o w  t h e  convent ions  l i s t e d  below, i n  t h e  s p i r i t  
t h a t  t h i s  i s  a n o t a t i o n a l  shorthand for which t h e  o n l y  requirement  i s  t h a t  
e v e r y t h i n g  t u r n  o u t  c o r r e c t l y  whenever t r a n s l a t e d  back t o  normal C a r t e s i a n  
components. If 2 and 2 a r e  a r b i t r a r y  v e c t o r s ,  w e  w r i t e  
- + 
a = a  - i a  + X Y '  X Y '  - a = a  + i a  
1 1 
a X = A a +  + a _ )  , a Y = -qi(a+ - a_)  , 
- + - +  1 1 a - b z a b  + a b  + a b  = ~ a + b  + ? a b  + a b  . x x  y y  z z  - - +  z z  
(A.3)  
(A.4)  
The t h i n g  p o t e n t i a l l y  most confusing i n  t h i s  n o t a t i o n  i s  t h e  d i s t i n c t i o n  
between t h e  p-component of t h e  g r a d i e n t  v e c t o r  and t h e  formal  d e r i v a t i v e  
w i t h  r e s p e c t  t o  t h e  co r re spond ing  v a r i a b l e :  
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so t h a t  
a + a,- a + a  - - + +  a 
ax = a2 * * v = a + a x +  - 
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Appeiidix S 
SYMMETRY PROPERTIES 
I t  i s  u s e f u l  i n  s e v e r a l  p l aces  t o  know a few s p e c i a l  p r o p e r t i e s  of the  
c o r r e l a t i o n  and spectrum f u n c t i o n s  of s t a t i o n a r y ,  homogeneous t u r b u l e n c e  i n  
a uniform plasma; t h e s e  w i l l  be b r i e f l y  summarized h e r e .  F i r s t ,  i t  f o l l o w s  
immediately from t h e  d e f i n i t i o n  (3 .1 .5)  t h a t  
and then  from t h i s  and ( 3 . 1 . 7 )  t h a t  
SaB(k,W) m-, = S QP ( - k , - U )  + . 
Ba 
+ + 
Second, t h e  f i e l d s  E and B a r e  real ,  so t h e  c o r r e l a t i o n  f u n c t i o n s  m u s t  
be a l s o  except  i n s o f a r  a s  complex d i r e c t i o n s  have been used i n  t h e  sub- 
s c r i p t  s : 
Then f o r  t h e  spectrum f u n c t i o n  w e  have 
( - f , -w)  = SQ (2, w) . b $ ( f , q  = sa** Bw* 
I n  t h e  c a s e  d i s c u s s e d  i n  Chapter 3, S e c t i o n  111, where t h e  s t a t i s t i c a l  
p r o p e r t i e s  of t h e  f i e l d s  are assumed t o  have c y l i n d r i c a l  symmetry, a r o t a -  
t i o n  about t h e  z axis amounts t o  a mere r e l a b e l i n g  and must l e a v e  t h e  
spectrum f u n c t i o n  unchanged: 
Here a' and p '  s t and  f o r  those d i r e c t i o n s  o b t a i n e d  by r o t a t i n g  v e c t o r s  
i n  t h e  Q and B d i r e c t i o n s  through t h e  ang le  JI about t h e  z axis; 
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f o r  example, = z + a '  = z f o r  any  J r ,  and a = x +a' = y f o r  
Jr = n/2. 
coord ina te s  x+, because t h e  o p e r a t i o n  of r o t a t i o n  through t h e  a n g l e  Jr 
i s  then  accomplished merely by m u l t i p l y i n g  w i t h  a f a c t o r  e f o r  each  
s u b s c r i p t  f. By l e t t i n g  Jr take t h e  v a l u e  -rp w e  can see t h a t  t h e  en- 
t i r e  angular  dependence of i s  g i v e n  i n  t h i s  c a s e  by 
I t  i s  p a r t i c u l a r l y  convenient  now t o  be working w i t h  t h e  complex 
where a is t h e  number of + and b t h e  number of - s u b s c r i p t s  i n -  
c luded i n  a and B .  
c a r r i e d  out i n  ( 3 . 3 . 1 5 ) ,  etc.  
Then t h e  a n g u l a r  p a r t  of j d 3 k  can immediately be 
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Appendix C 
EVALUATION OF INTEGRALS 
When ( 2 . 4 . 8 )  i s  be ing  c a l c u l a t e d  i n  t h e  p re sence  of a magnet ic  f i e l d  
w e  must e v a l u a t e  i n t e g r a l s  of  t h e  form Bo, 
where p and u may be  0 o r  k 1  and t he  p r e s e n t  fd w a s  c a l l e d  16, i n  
( 3 . 3 . 4 ) .  
arguments of R i n  t h i s  e q u a t i o n  by ( t - t ' )  and have a s imple  answer as 
w i t h  e q u a t i o n  ( 3 . 2 . 4 ) ;  bu t  i n  t h e  g e n e r a l  case t h e  sep-  
a r a t i o n  between two p o i n t s  on a h e l i x ,  g i v e n  by (3.3.1) and ( 3 . 3 . 2 ) ,  is 
not  8 fGnct ion  of t h e  d i f f e r e n c e  t - t '  elone. The iuse of the spectrum 
f u n c t i o n  g i v e s  a way of s e p a r a t i n g  t h e  f i e l d  p r o p e r t i e s  ( i n  t h e  c o r r e l a t i o n  
f u n c t i o n  R i t s e l f )  from the  p a r t i c l e - o r b i t  p r o p e r t i e s  ( i n  t h e  arguments 
of R ) :  
I n  t h e  l i m i t  of small gy ro rad ius  w e  could  a b b r e v i a t e  a l l  t h e  
+ z ' ( t )  - ~ ' ( t ' ) ,  
-
+ is. ( Z ' ( t )  - ; t ' ( t ' ) )  - io(t-t ' )]  . 
(c. 2)  
W e  u s e  c y l i n d r i c a l  c o o r d i n a t e s  in k-space, w i t h  az imutha l  a n g l e  
w r i t e  
9, t o  
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k' ( ; l ( t )  - ; I ( t l ) )  = 2k r s i n  [ st-- 'it'] cos  [ Gt '  - fl + cp] + k i l v l l ( t - t ' )  . 
l g  
( c . 3 )  
The v a r i a b l e s  a r e  untangled  by d e f i n i n g  t h e  new q u a n t i t y  
fl' = $ - cp - 3 n ( t + t t )  ; ( c . 4 )  
a l l  domains of wid th  2n i n  t h i s  v a r i a b l e  are e q u i v a l e n t ,  and w e  have 
simply 
+ i 2 k  r cos  $' s i n  +Q( t - t ' )  + i ( k  v - w ) ( t - t ' )  . 
l g  II I1 1 
Now w e  have o n l y  t o  u s e  t h e  i d e n t i t y  
t o  achieve  complete  s e p a r a t i o n  of t h e  t w o  i n t e g r a l s .  One of them, 
J- m 
was a l ready  used i n  ( 3 . 2 . 5 ) ;  6 ( s )  i s  t h e  Dirac d e l t a - f u n c t i o n  and P 
d e n o t e s  " p r i n c i p a l  v a l u e "  f o r  subsequent  i n t e g r a t i o n  o v e r  s ,  The o t h e r ,  
2n 
Ip+'(k r ) = & I, dfl e - i ( c l+v) f l  Jm(2klrg cos $)  , 
m l g  
i s  t h e  F o u r i e r  component of a c e r t a i n  f u n c t i o n  o v e r  t h e  domain 
( 0 , 2 n )  and m a y  be found as f o l l o w s .  A b b r e v i a t i n g  p + v  by q and k r 
by x, w e  u s e  one form of "Bessel's I n t e g r a l "  t o  w r i t e  
( p + ~ ) ~ ~  
l g  
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Now we use  t he  i d e n t i t y  
2 cos  jd s i n  e = s i n ( @ + @ )  - s in(@+)  ( c . 1 0 )  
and (C.6)  twice  more t o  o b t a i n  
T h e  i n t e g r a l s  h e r e  a r e  merely Kronecker d e l t a s  r e q u i r i n g  t h a t  
q + r - s = O ,  m - r - s"= o , (c.  1 2 )  
so q and m must be e i t h e r  bo th  even o r  both odd f o r  a non z e r o  r e s u l t ,  
and i t  is s u r p r i s i n g l y  s imple:  
( C . 1 3 )  
Pu'egative i n d i c e s  are always e a s i l y  replaced by p e s i t i v e  ones acmrding t o  
Ir;p(x) = I Z ( X )  = (-l)mI:m(x) . ( C .  1 4 )  
There i s  an i n t e r e s t i n g  c u r i o s i t y  which makes i t  q u i t e  easy  t o  w r i t e  
q the power series expansion of 
p r o d u c t s  of Bessel f u n c t i o n  c o e f f i c i e n t s :  
I,(x). The c o e f f i c i e n t s  w i l l  be sums of 
j=O k=O 
(-l)u ( x / 2 )  r+s+2u 
u=O k=O (u-k)  ! ( r+u-k )  ! k! ( s+k) ! 
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u=O Lk=O J 
( C .  15) 
u=o 
so t h a t  
( C .  1 6 )  
A The sum of p r o d u c t s  of binomial  c o e f f i c i e n t s  i n  t h e  t h i r d  l i n e  of (C.15) is l i k e  a s c a l a r  
product  of one r o w  of t h e  Pasca l  T r i a n g l e  d-e-0-b . . . . .  
w i t h  p a r t  of another  row--the c i r c l e d  . . . . . .  
elements i n  t h e  diagram at t h e  r i g h t .  
The answer is a l s o  a member of t h i s  
array ( t h e  boxed element  ) , hence 
. . . . . . .  
. .  . v. * .  . - . .
. . .  . . . . .  
t h e  s i m p l e  r e s u l t  above. . . . . . . . . . . . .  
Returning now to  t h e  e v a l u a t i o n  of e q u a t i o n  ( c . 5 ) ,  w e  pu t  (C.7)  and 
1 (C.13) t oge the r  w i t h  a new index n = F(m+p-v).  The f i n a l  r e s u l t  i s  
( C .  1 7 )  
which was used i n  (C.2) t o  w r i t e  ( 3 . 3 . 1 5 )  and subsequen t  e q u a t i o n s .  
v a n i s h i n g  of (3 .3 .18)  and (3 .3 .19 )  is shown by s i m u l t a n e o u s l y  changing t h e  
s i g n s  of the  dummy v a r i a b l e s  k ,w and n and u s i n g  (B.4). This a l s o  
accounts  f o r  t h e  d i s a p p e a r a n c e  of a l l  t e r m s  w i t h  JnJn+l 
t h e  p r i n c i p l e - v a l u e  or  t h e  d e l t a - f u n c t i o n  p a r t  of some o t h e r  terms. 
The 
+ 
and of e i t h e r  
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Appendix D 
ALTERNATIVE FORMS FOR MOMENTUM-SPACE DIFFUSION 
I t  i s  p o s s i b l e  t h a t  t h e  r eade r  may c o n s i d e r  t h e  mixed n o t a t i o n  of 
e q u a t i o n  (3.3.22) confus ing  and p r e f e r  t o  c a r r y  through t h e  e v a l u a t i o n  of 
(3.3.14) e n t i r e l y  i n  one of t h e  s tandard  c o o r d i n a t e  sys t ems ;  w e  w i l l  r e c o r d  
such formulae h e r e .  F i r s t ,  i n  c y l i n d r i c a l  c o o r d i n a t e s ,  t h e  momentum-space 
d i f f u s i o n  i s  g i v e n  by 
w i t h  
a 
PP 
a + - [Ezt E] + 1 P f a P  [ P p t z  
a P l l  
- - 
ee * + COS e F - s i n  e F - s i n  e cos  e F D Z t  = r z t  z9 e t  
t z  t z  ez t e  
The co r re spond ing  e q u a t i o n s  i n  s p h e r i c a l  c o o r d i n a t e s  are 
aF (3 - 2 a p  DPP ap 2 sin e - [  ae 8 8 %  a s i n  e E - 1 a [ 2- a ~ ]  + 1 
PP P 
+la 2 a p  [ -  PDpe z 31.]+ p s i n  1 e z a [s in  e iiep 4 
P 
and 
- 
e rZZ + s i n  e cos  e ( F ~ ~  + ret) , D = s i n  e rtt + cos ( ~ . 6 )  - 2 -  
PP 
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- - 
e FZZ + F e rtt + s i n  + COS e (rte + ret) - 2 -  2 ee = COS De e 
- e F~~ - s i n  2 e F~~ D = s i n  e cos e (Ftt  - F PO zz ) + cos 
e p  t z  z t  
- 
+ s i n  e rte + cos  e Fze . 
e t  ez 
Either set of equations i s  completely equivalent t o  ( 3 . 3 . 2 2 )  and leads t o  
a l l  of the  same conclusions i n  the succeeding a n a l y s i s .  
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